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Abstract 

In this paper we investigate a hidden consequence of the hypothe- 
sis that Lagrangians and field equations must be invariant under active 
local Lorentz transformations. We show that this hypothesis implies in 
an equivalence between spacetime structures with several curvature and 
torsion possibilities. 



1 Introduction 

It is now a well established fact that Maxwell, Dirac and Einstein theories can 
be formulated in terms of differential forms. The easiest way to see this is to 
introduce the Clifford and spin-Clifford bundles |28[ I25LIT1] of spacetime. This 
formalism for the case of Maxwell and Dirac fields will be briefly recalled in 
Section 2, since they will play an essential role for proving the main claim of 
this paper. For the case of the gravitational field, see j^H! and also PSII^ISU] . 

As it is well known (2^1 j any field theory formulated in terms of differen- 
tial forms is such that the action is invariant under arbitrary diffeomorphisms. 
This does not imply that the field equations of the theory are necessarily in- 
variant under diffeomorphisms, unless we are prepared to accept as equivalent 
different manifolds equipped with metrics and connections which may be said 
diffeomorphically equivalent ^. Now, several authors, e.g., I22| insist that 
the invariance of the action (and field equations) under arbitrary active Lorentz 

*Int. J. Geom. Meth. Mod. Phys. 2 (2), 305-357 (2005). 

^A thoughtful discussion on this issue will be presented elsewhere. 
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transformations is a necessary consequence of the equivalence principle^. From 
the mathematical point of view, in order to have such imposition satisfied it 
is necessary to introduce the concept of generalized gauge covariant derivatives 
(Section 3 and Appendix D). We show that once we accept this concept we must 
necessarily also accept the equivalence between spacetime models with connec- 
tions that have different curvature and torsion tensors. This paper is organized 
as follows. In Section 2 we introduce the Clifford and spin-Clifford bundles 
and discuss the concept of Dirac-Hestenes spinor fields (which are sections of 
a spin-Clifford bundle) and their representatives in the Clifford bundle, which 
are sums of even nonhomogenous differential forms. In Section 3 we discuss 
the covariant derivative of Clifford fields and introduce the curvature and tor- 
sion extensor fields of a given connection. In Section 4 we discuss the covariant 
derivative of spinor fields, and how to define an effective covariant derivative for 
representatives of Dirac-Hestenes spinor fields in the Clifford bundle. In Section 
5 we discuss the many faces of Dirac equation. In Section 6 we discuss the 
meaning of active local Lorentz invariance of Maxwell equations. In Section 7, 
we introduce the Dirac-Hestenes equation in a Riemann-Cartan spacetime, and 
in Section 8 we discuss the meaning of active local Lorentz invariance of the 
Dirac-Equation. We prove then our main result, namely: active local Lorentz 
invariance implies a gauge identification of geometries with connections that 
have different torsion and curvature tensors. The intelligibility of the issues dis- 
cussed in this paper requires a working knowledge of the theory of connections, 
and in particular, the introduction of the concept of generalized G-connections. 
The main results needed are presented in Appendices A-D. This paper is ded- 
icated to Ivanenko, that in a pioneer paper JOI used sums of nonhomogeneous 
antisymmetric tensors to represent spinors. The way in which such an idea 
becomes mathematically legitimate is presented below. 

2 Clifford and Spin-ClifFord Bundles 

Let M — {M, g, V, Tg, 1) be an arbitrary Riemann-Cartan spacetime. The quadru- 
ple (Af , g, Tg, 1) is a four-dimensional time-oriented and space-oriented Lorentzian 
manifold. This means that g G secT2M is a Lorentzian metric of signature 
(1,3), Tg e sec /\^(T*M) and t is a time-orientation (see details, e.g., in pTjl. 
Here, T*M [TM] is the cotangent [tangent] bundle. T*M = U^^mT*M, 
TM = U^^mT^M, and T^M ^ T*M ~ R^-^, where R^'^ jg tj^g Minkowski 
vector space^. V is an arbitrary metric compatible connection i.e., Vg — 0, 
but in general, R(V) ^ 0, T(V) 0, R and T being respectively the curvature 
and torsion tensors. When R(V) ^ 0, T(V) 7^ 0, 7W is called a Riemann- 
Cartan spacetime. When R(V) ^ 0, T(V) = 0, is called a Lorentzian 
spacetime. When R(V) = 0, T(V) 7^ 0, is called a teleparallel spacetime. 
Minkowski spacetime is the case where R(V) — 0, T(V) = 0, and M ~ ]R^. Let 

■^We are not going to enter discussions about the equivalence principle in this paper. One 
of the authors' view on the subject is discussed in 1241 . 
^Not to be confused with Minkowski spacetime |27|. 
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g e sec Tq M be the metric of the cotangent bundle. The Chfford bundle of differ- 
ential forms C£(M, g) is the bundle of algebras, i.e., a{M, g) = Ux(zMCe{T*M, g), 
where \/x G M, C£{T*M,g) = Ri,3, the so called spacetime algebra [221 ■ Recall 
also that C£{M, g) is a vector bundle associated to the orthonormal frame bundle, 
i.e., a{M,g) = Psoe^ 3,(M) XAd ^1,3 [121111. For any x&M, a{T*M,g) as a 
linear space over the real field K is isomorphic to the Cartan algebra /\{T*M) 
of the cotangent space. A{T;M) = ®t=oh!'{T*M), where t\^{T*M) is the 
(^) -dimensional space of /c- forms. Then, sections of Ci{M, g) can be represented 
as a sum of non homogeneous differential forms. Let {ca} G sec Pso^^ 3^ (-^) (the 
frame bundle) be an orthonormal basis for TU C TAf, i.e., g(ea,ea) = f^ab = 
diag(l, -1,-1,-1). Let 6*^ G sec/\\T*M) ^ seca{M,g) (a = 0,1,2,3) be 
such that the set {9'^} is the dual basis of {ca}- 



2.1 Clifford Product 

The fundamental Clifford product (in what follows to be denoted by juxtaposi- 
tion of symbols) is generated by 9'^0^ + 9^9^ = 2ri'^^ and if C G sec C^(M, g) we 
have 



C = 



j^f.b9''9'° + It^bc^"^''^'^ 



(1) 



where — 9^ = 9^9'^9^9^ is the volume element and s, Wa, /ab, ^abc, P G 
sec /\°{T*M) ^ sec a{M,g). 

For Ar G sec/\''(T*M) ^ sec(^(M, 5), P^ G sec/\'{T*M) ^ seca{M,g) 
we define the exterior product in (3?(M, g) (Vr, s = 0, 1, 2, 3) by 



Aj. A Ps — (ylrPs)r+S) 

ArhBs = (-lyBs A 



(2) 



where ( )fc is the component in f\ {T*M) of the Clifford field. The exterior 
product is extended by linearity to all sections of C£{M, g). 

Let Ar G sec/\''(T*M) ^ seca{M,g),B, G sec/\"{T*M) ^ seca{M,g). 
We define a scalar product in C£{M,g) (denoted by •) as follows: 

(i) For a, be sec /\\t*M) ^ seca{M,g), 



a ■ b — 2^0,^ + ba) — g{a, b). 

(ii) For Ar = ai ^ ... A a,., P^ 61 A ... A 6^, 

Ar ■ Br = (ai A ... A ar) ■ (61 A ... A br) 



ai ■ bi 

Or ■ bi 



ai ■ br 



■ br 



(3) 



(4) 



We agree that if r = s = 0, the scalar product is simple the ordinary product 
in the real field. 
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Also, if r 7^ s, then Ar ■ Bs = 0. Finally, the scalar product is extended by 
linearity for all sections of Ci{M,g). 

For r < s,Ar — ai A ... A ar, = 61 A ... A 6s we define the left contraction 

by 

J : (A,.,Ss) ^ Ar^B^ = ^ e'i---*-(aiA...Aar)-(6,^ A...A6jJ~6,^+i A...A6,, 

ii <... <ir 

(5) 

where ~ is the reverse mapping (reversion) defined by 

~: sec f\^{T*M) 3 ai A ... A ap ^ Op A ... A ai (6) 

and extended by linearity to all sections of CX{M,g). We agree that for a, /3 G 
sec/\ (r*Af) the contraction is the ordinary (pointwise) product in the real 
field and that if a G scc/\°{T*M), Ar £ sec A''(T*Af ), £ scc/\'{M) then 
(aAr)jBs = Arj{aBs). Left contraction is extended by linearity to all pairs of 
elements of sections ofC£{M,g), i.e., for A,Bg sec C£{M, g) 

AjB = Y,{A)rAB)s,r<s (7) 

It is also necessary to introduce the operator of right contraction denoted 
by L. The definition is obtained from the one presenting the left contraction 
with the imposition that r > s and taking into account that now if Ar G 
sec f\''{T*M),Bs e sec/\''{T*M) then Ar^{aBs) = [aAryBs. See also the 
third formula in Eq.®. 

The main formulas used in the Clifford calculus can be obtained from the 
following ones (where a £ sec/\^{T*M) ^ secC£{M, g)): 

aBs = asBs + a A Bs, BgO = Bsi-O + Bs A a, 
ajBs = ^{aBs - (-)'Bsa), 
Ar^Bs = i^y^'-^^Bs^Ar, 
aABs = ^{aBs + i-yBso), 

ArBg = {ArBs)\r-s\ + i^r -iB g) \r- s-2\ + ••• + {ArBs)\r+s[ 
m 

= ^^{ArBs)\r-s\+2k, (8) 
Ar • Br = Br ' Ar = Ar-iBr = Ari-Br = {ArBr)o = {ArBr}o. 

2.1.1 Hodge Star Operator 

Let * be the Hodge star operator, i.e., the mapping 

* : /\\t*M) ^ /\^'\t*M), Ak ^ *Ak 
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where for Ak G sec/\''{T*M) ^ sec(I(M,g) 

[Bk ■ Ak]Tg - Bfe A *Ak,yBk e sec /\\t*M) ^ seca{M,g). (9) 
Tg e f\^{M) is a standard volume element. Then we can verify that 

*Ak = Ifc7'- (10) 

2.1.2 Dirac Operator 

Let d and 5 be respectively the differential and Hodge codifferential operators 
acting on sections of a{M,g). If Ap £ 8ec/\'\T*M) ^ secC£(Af,g), then 
SAp = {—y -k~^ d-k Ap, with -k^^-k ~ identity. 

The Dirac operator acting on sections of Ci{AI, g) is the invariant first order 
differential operator 

d - e^v,^, (11) 

where {ea} is an arbitrary orthonormal basis for TU C TM and {9^} is a basis 
for T*U C T*M dual to the basis {ea}, i.e., e^{e^) = S^, a,b = 0, 1,2,3. The 
reciprocal basis of {9^} is denoted {^^a} and we have 9^ ■ 9)j — ?7ab- Also, 

Ve,0^ = -Cc-^'^^e (12) 

Defining 



LJ,^ = ^t^^'^b A 0e, (13) 



1 

2 

we have that for any Ap e sec /\^{T*M), p = 0, 1, 2, 3, 4 



Ve^Ap = de^Ap + ^[uJe^,Ap], (14) 

where de^ is the Pfaff derivative, i.e., if Ap = ^^ii...ip6''i ■ 

de^Ap := iealAi^.^iJ^'^ -^-. (15) 

This important formula ('Ea. (|14|l that is valid also for a nonhomogeneous 
A £ secC£{M, g) will be proved below (Section 3). 

Using Ea. (|14|l we can show a very important result: The Dirac operator 
associated to a Levi-Civita connection satisfies 



dAp ^ d AAp + djAp = dAp - 6Ap, 

d AAp = dAp, djAp ^ -5Ap. (16) 

With these results, MaxweU equations for G sec /\^{T*M) ^ secCX{AI,g), 
J e sec /\^(T*M) ^ seca{M,g) reads 

dF = 0, SF^ - J, (17) 

or Maxwell equation^ reads 

dF = J. (18) 



*No misprint here. 
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2.2 Spinor Fields 



How to represent the Dirac spinor fields in this formahsm? We can show that 
Dirac-Hestenes spinor fields do the job^. To introduce this concept in a mean- 
ingful way we need to recall several mathematical concepts. First we recall the 
concept of spin structure of an oriented (and time-oriented) (M, g) . This con- 
sists of a principal fibre bundle tt^ : Pspin= (M) — > M (called the spin frame 
bundle) with group Spin^ 3 and a map 

s:PspiniJM)^PsoiJM) (19) 

satisfying the following conditions: 

(i) 7r(s(p)) = 7rs{p) Vp £ Pspin= 3(^^)1 ^ is the projection map of the bundle 
Psoj,3(M). 

(ii) s{pu) = s{p)Adu ,Vp G Pspin=_3(M) and 

Ad : Spini_3 ^ Aut(Ri,3), 
Ad„ : Ri_3 3X1-^ uxu^^ G Mi^3. 

When does a spin structure exist on an oriented (and time oriented) (Af, g)? 
For a Lorentzian manifold the answer is given by a famous result due to Geroch 
|S] which says that for an oriented (and time-oriented) Lorentz manifold {M, g) , 
a spin structure exists if and only if Psoj 3 {M) is a trivial bundle. 

We call global sections ^ G secPso= ^i^^) Lorentz frames and global sections 
sS G secPspin= ^(M) spin frames. We recall (see, e.g., ^3]) that each ^ G 
sec Psoj 3 {M) is a basis for TM, which is completely specified once we give an 
element of the Lorentz group for each x G M and fix a fiducial frame. Each 

G secPspinj ^{M) is also a basis for TM and is completely identified once we 
give an element of the Spin^ 3 for each x G M and fix a fiducial frame. Note that 
two ordered basis for TM when considered as spin frames, even if consisting of 
the same vector fields, but related by a 27r rotation are considered different. 
Also, two ordered basis for TM when considered as spin frames, if consisting of 
the same vector fields, related by a Att rotation are considered equal. Even if 
this mathematical construction seems at first sight impossible of experimental 
detection, Aharonov and Susskind ^ warrant that with clever experiments the 
spinor structure can be detected. 

Recall that a principal bundle is trivial if and only if it admits a global sec- 
tion. Therefore, Geroch's result says that a (non-compact) spacetime admits 
a spin structure, if and only if, it admits a (globally defined) Lorentz frame. 
In fact, it is possible to replace Psoi^i^) by Pspin=3(-W) in the statement 
of Geroch theorem (see jSj, footnote 25). In this way, when a (non-compact) 
spacetime admits a spin structure, the bundle Pspin= 3 (M) is trivial and, there- 
fore, every bundle associated to it is also trivial. This result is indeed a very 
important one, because it says to us that the real spacetime of our universe 

^Moro details on other kinds of spinor fields in this formalism can be found in )20| . 
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(that, of course, is inhabited by several difFerent types of spinor fields) must 
have a topology that admits a global tetrad field, which is defined only modulus 
a local Lorentz transformation. The dual cotetrad have been associated to the 
gravitational field in |26| , where we wrote wave equations for them. In a certain 
sense that cotetrad field is the substance of physical spacetime. In what follows 
we shall use the symbol S to denote a spin coframe dual to a spin frame sS. We 
also write by abuse of notation that S G secPspinf ^i^). 

An oriented manifold endowed with a spin structure will be called a spin 
manifold. 

2.3 Spinor Bundles and Spinor Fields 

We now present the most usual definitions of spinor bundles appearing in the 
literature^ and next we find appropriate vector bundles such that particular 
sections are Dirac-Hestenes spinor fields. 

A real spinor bundle for AI is a vector bundle 

5(M,5)=Pspi„e^(M)x^,M (20) 

where M is a left module for Mi. 3 and fii is a representation of Spin^ 3 on 
End(M) given by left multiplication by elements of Spin^ 3. 
The dual bundle S*{M) is a real spinor bundle 

S* (M, g) = Pspi„e^ (Af ) X M* (21) 

where M* is a right module for Ri^a and /ir is a representation Spin^ 3 in End(M) 
given by right multiplication by (inverse) elements of Spin^ 3. By right multi- 
plication we mean that given a G M*, /ir(w)a = au~^, then 

lir{uu')a — a[uu')^^ — au'^^u^^ = /ir(u)/ir(w')a. (22) 

A complex spinor bundle for M is a vector bundle 

S,{M,g) = Pspi„e ^(Af) x^^ M, (23) 

where Mc is a complex left module for C ® Mi. 3 ~ R4^i ~ C(4), and where /ic is 
a representation of Spiui 3 in End(Mc) given by left multiplication by elements 
of Spiui 3. 

The dual complex spinor bundle for M is a vector bundle 

S:{M,g) = Pspin^jM) x,,^ M: (24) 

where M* is a complex right module for C ® Mi^s M4 1 ~ C(4), and where 
He is a representation of Spin^ 3 in End(Mc) given by right multiplication by 
(inverse) elements of Spin^ 3. 

^We recall that there are some other (equivalent) definitions of spinor bundles that we are 
not going to introduce in this paper as, e.g., the one given in |5| in terms of mappings from 
Pgpinj ^ to some appropriate vector space. 
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Taking, e.g., = C^* and /Xc the D(i/2,o) ^ £)(o,i/2) representation of 
Spin^ 3 = 5'/(2, C) in End(C^), we immediately recognize the usual definition of 
the (Dirac) covariant spinor bundle of M, as given, e.g., in 

Let {Ea} be an orthonormal basis Mi, 3. The ideal / = Mi, 3^(1 + Eq) is a 
minimal left ideal of Mi, 3. Besides I, other ideals exist in Mi, 3, that are only 
algebraically equivalent to this one |^. In order to capture all possibilities 
we recall that Mi, 3 can be considered as a module over itself by left (or right) 
multiplication. We have: 

The left real spin- Clifford bundle of M is the vector bundle 

C4pi„.^(A/, <?) = Pspi„j,3(M) X, Mi,3 (25) 

where I is the representation of Spin^ 3 on Mi, 3 given by l(a)x — ax. Sections of 
C£gpi„c ^{M,g) are called left spin-Clifford fi,elds. 

C£gpi„c g(-W) is a 'principal Mi,3-bundle', i.e., it admits a free action of Mi, 3 
on the right ^^Ij which is denoted by g G Mi. 3. 

There is a natural embedding Pspin= [M) ^ Cig^^^c (M, g) which comes 

from the embedding Spin^ 3 ^ Mj'3. Hence (as we shall see in more details 
below), every real left spinor bundle for M can be captured from Cfgpjj^e (M, g), 
which is a vector bundle very different from C£{M, g). Their relation is presented 
below, but before, we introduce ideal left algebraic spinor fields. 

Let I{M, g) be a subbundle of Cfgpjj^^ ^ (M, g) such that there exists a prim- 
itive idempotent e of Mi, 3 with 

i?e^' = * (26) 

for all * G sec/(M, g) ^ secC4pi„. ^ (M, g). Then, I{M, g) is called a subbundle 
of ideal left algebraic spinor fields. Any ^ G sec I{M,g) ^ secC^gpi^^ ^{M,g) is 
called a left ideal algebraic spinor field {LIASF). 

I{M, g) can be thought of as being a real spinor bundle for AI such that M 
in Ea. (|23|l is a minimal left ideal of Mi. 3. 

We say that two subbundles I{M, g) and I'{M, g) of LIASF are geometrically 
equivalent if the idempotents e, e' G Mi, 3 (appearing in the previous definition) 
are related by an element u G Spin^ 3, i.e., e' — ueu^^. 

The right real spin- Clifford bundle of M is the vector bundle 

«^pi„.^^ (M, 5) = Pspin5.3 (Af) Xr Mi,3. (27) 

Sections of CPq^^-^^^ (M, g) are called right spin-Clifford fields 

In Ea. H27|l r refers to a representation of Spin^ 3 on Mi, 3, given by r{a)x = 
xa~^ . As in the case for the left real spin-Clifford bundle, there is a natural 
embedding Pspin= 3 {M) ^ C£gpi,jc ^ (M, g) which comes from the embedding 

Spin^ 3 ^ M]'3. There exists also a natural left La action of a G Mi, 3 on 
C£gpi„e ^ (M, g). This will be proved below. 
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Let I*{M, g) be a subbundle of Cfgpj^e ^ (M, g) such that there exists a prhii- 
itive idempotent element e of Ri,3 with 

Le* = ^' (28) 

for any * G sec I* {M,g) =-> secC£gpi^e ^ (M, g). Then, I*{M,g) is called a 
subbundle of right ideal algebraic spinor fields. Any 5" g sec I* {M,g) ^ 
sec C£gpi„e ^ (Af, 5) is called a RIASF. I*{M,g) can be thought of as being a 
real spinor bundle for M such that M* in Ea. (|24|l is a minimal right ideal of 

Kl,3. 

We say that two subbundles I*{M,g) and I*'{M,g) of RIASF are geomet- 
rically equivalent if the idempotents e, e' G Ki^3 (appearing in the previous 
definition) are related by an element u G Spin^ 3, i.e., e' — ueu^^. 

The following result proved in jl4| is crucial: in a spin manifold, we have 

Ce{M,g) = Pspinj 3(M) XAd Mi,3. (29) 

We recall also that S{M,g) (or Cfgpj^e ^{M,g)) is a bundle of (left) modules 
over the bundle of algebras C£{M,g). In particular, the sections of the spinor 
bundle (5(M, g) or CE^^^^^ ^ (M, g)) are a module over the sections of the Clifford 

bundle Then, if * G sec C4pi„= ^ (M, gr) and * 7^ 0, there exists G 

sec C£{M, g) such that 

4- = V*- (30) 

This allows to identify a correspondence between some sections of C£{M, g) 
and some sections of I{M) or C^gpjj^e (Af , g) once we fix a section on C^gpjj^c ^ [M, g) . 
This and other correspondences are essential for the theory of Dirac-Hestenes 
spinor fields (more details are given in jl4|'). Once we clarified which is the 
meaning of a bundle of modules S{M, g) over a bundle of algebras C€(M, 5), we 
can say that: 

Two real left spinor bundles are equivalent, if and only if, they are equivalent 
as bundles of C£(Af , g) modules. 

Of course, geometrically equivalently real left spinor bundles are equivalent. 

Remark 1 In what follows we denote the complexified left spin Clifford bundle 
and the complexified right spin- Clifford bundle by 

C4pi„e_^^(A//) = Pgpin= ^(Af) X, C ® Ri,3 =i Pspin5,3(A^) R4,l, 

«Spin5 3(Af) =Pspin=,3(A#) X,C«.Mi,3 ~Pspi„e_3(Af) X,R4,1- (31) 

2.4 Dirac-Hestenes Spinor Fields 

Let E^, = 0, 1, 2, 3 be the canonical basis of R^'^ ^ Ri^3 which generates the 
algebra Ri,3. They satisfy the basic relation E''E'^ + E'^E^ = 277^". We recall 
that ESI 

e=i(l + E") gRi^3 (32) 
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is a primitive idempotent of Ri^s and 



f =i(l + E0)i(l + zE2Ei)G 



^1,3 



(33) 



is a primitive idempotent of C ® Mi_3. Now, let I =Ri_3e and Ic = C Mi^sf 
be respectively the minimal left ideals of Ri_3 and C (8) IRi,3 generated by e and 
f. Let (j> — (f>e E I and = *f e Ic- Then, any e I can be written as 



(j) = Tpe 

with -0 e M5 3 • Analogously, any '3/ e Ic can be written as 



(34) 



* = Ve-(1 + iE2Ei), 



(35) 



with i) G E?_3. 

Recall moreover that C ® Mi_3 ~ R4^i ~ C(4), where C(4) is the algebra of 
the 4x4 complex matrices. We can verify that 



(36) 



is a primitive idempotent of C(4) which is a matrix representation of f. In 
that way (see details in |25|) there is a bijection between column spinors, i.e., 
elements of C* (the complex 4-dimensional vector space) and the elements of 
Ic. All that, plus the definitions of the left real and complex spin bundles and 
the subbundle I{M,g) suggests the following definition [Tl] : 
Let $ e sec/(M,g) ^ secC4pi„e^(M, g), i.e.. 



/ 1 











\ 




























V 














Re^ = c&e = $, e 



-(1 + E°) eMi^3. 



(37) 



A Dirac-Hestenes spinor field (DHSF) associated with $ is an even section -0 
ofC4pi„.^(M,5) such that 

^ = i/;e. (38) 

An equivalent definition of a DHSF is the following. Let 5* G sec Cfgpjj^c (Af, g) 
be such that 



iJf* = ff =1',f2 = f = ^(1 + E°)^(1 + iE2E^) e 



(39) 



Then, a DHSF associated to vj/ is an even section of Ctg^^^e (M, g) ^ 
C4pinj 3(^,8) such that 

* = V^f . (40) 
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In what follows, when we refer to a DHSF ip we omit for simplicity the 
wording associated with $ (or \E'). It is very important to observe that DHSF 
axe not sums of even multivector fields although, under a local trivialization, ijj 
£ secCfgpjjje (Af, g) is mapped on an even element^ of Mi. 3. We emphasize 
that DHSF are particular sections of a spinor bundle, not of the Clifford bundle. 
However, we show below how these objects have representatives in the Clifford 
bundle. To understand how this happens, recall that, when M is a spin manifold: 

(i) The elements of Ci{M,g) = Pspinj ^{M) XAd^i^s are equivalence classes 
[(p, a)] of pairs (p, a), where p G Pspm^ gCM), a G Mi, 3 and (p, a) ~ (p',a') 
'i^ p' = pu^^j a' = uau^^, for some u G Spin^ 3; 

(ii) The elements of C^gpjj^e ^ (M, g) are equivalence classes of pairs (p, a), 

where p G Pspinj ^{M), a G Mi, 3 and (p, a) ~ (p', a') <^ p' ^ pu^^, a' = ua, for 
some u G Spin^,3; 

(iii) The elements of C^'^^^^^ ^{M, g) are equivalence classes of pairs (p, a), 
where p G Pspin= gl-^'^); G Mi, 3 and (p, a) ^ ip',a') 4^ p' = pu^^, a' = au^^, 
for some u G Spin^ 3 . 

In this way, it is possible to define the following natural actions on these 
associated bundles [T^: 

1. There is a natural right action of Mi, 3 on C£gp^^-^„ and a natural 

left action of Mi,3 on C£gpi„. ^ (M, g). 

Indeed, given b G Mi, 3 and a G Cig^^^^^ ^{M,g), select a representative {p,a) 

for a and define ab :— [{p,ab)] . If another representative (pit~^,ua) is chosen 
for a, we have {pu^^,uab) ~ {p,a,b) and thus ab is a well-defined element of 

Let us denote the space of Mi.3-valued smooth functions on M by J-{M, Mi. 3). 
Then, the above proposition immediately yields the following. 

2. There is a natural right action of J-{M, Mi, 3) on the sections of Cfgpin^ 3 (^^^ g) 
and a natural left action of J-{M, Mi, 3) on the sections of C-^gpj^e ^ (M, g). 

3. There is a natural left action of sec C£(M, g) on the sections of C^gpjj^e ^ (M, g) 
and a natural right action of secC^(A/, g) on sections of C^gpjj^e {M, g). 

Indeed, given a G secC^(M, g) and (3 G secCig^^^^ ^{M,g), select represen- 
tatives {p, a) for a{x) and (p, 6) for f3{x) (withp G 7r~^(a;)) and define {al3){x) := 
[(p, a6)] G C£gpijje ^ (Af, g). If alternative representatives {pu~^, uau'-^) and {pu^^, ub) 
are chosen for a{x) and /3(a;), we have 

{pu~^,uau^^ub) — {pu~^,uab) ^ {p,ab) 

and thus (a/3) (x) is a well-defined element of C^gpj^c ^ ( Af, . 

^Note that it is meaningful to speak about even (or odd) elements in Cig^^^e {M, g) since 
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4. There is a natural pairing 



secC4pi„e^(M,5) X secagpi„e^(M,g) ^ sec«(M,5). 

Indeed, given a G secC^gpj^e ^{M,g) and f3 e secC^gpj^e ^{M,g), select rep- 
resentatives {p,a) for a(a;) and for P{x) (with p e 7r~^(x)) and define 
(a/?) (a;) := [(p, a6)] G C^(M, g). If alternative representatives (pvr^,ua) and 
(pu~^,6w~^) are chosen for a{x) and /3(a;), we have {pu^^ ,uabu^^) ~ {p,ab) 
and thus (a/3) (a;) is a well-defined element of Ci{M,g). 

5. There is a natural pairing 

sec«gpi„e^(M,g) X secC4pi„e^(M,g) ^ J^(M,Mi,3). 

Indeed, given a G sec C^spj^e (M, g) and /3 e secC^gpij^e ^(M, g), select rep- 
resentatives {p,a) for a(a;) and {p,b) for /3(a;) (with p € n~^{x)) and define 
(Q;/3)(a;) := ab € Mi, 3. If alternative representatives {pu~^, au^^) and (pu~^, ub) 
are chosen for a{x) and /3(a;), we have au~^ub = ab and thus {aP){x) is a 
well-defined element of Ki^s. 

2.4.1 "Unit Sections" 

We now show how to define "unit sections" on the various vector bundles asso- 
ciated to the principal bundle Pspin« ^iM). 
Let 

$i : TT-\Ui) ^UiX Spinl s, : ir-^Uj) Uj x Spin^^g 
be two local trivializations for Pspinf ^{M)^ with 

$i(u) = (7r(M) = X, (/)j,j;(u)), ^jiu) = {7r{u) = X, (/)j,a;(?i)). 

Recall that the transition function on gij : Ui D Uj Spin^ 3 is then given by 

gij{x) = (f)i,x{u) o (/)j_^(u)~\ 

which docs not depend on u. 

6. C£{M,g) has a naturally defined global unit section. Indeed, for the 
associated bundle C£{M, g), the transition functions corresponding to local triv- 
ializations 

*i : 7r-i(?7i) ^ [/i X Ri,3, : 7r-i(f/,) ^ ?7,- x Mi,3, (41) 
are given by hij {x) = Adg.. (^j) . Define the local sections 

Ux) = ^r\x,l), l,ix)=^j\x,l), (42) 
where 1 is the unit clement of Mi. 3. Since 

hij{x) ■ 1 = Adg,,(^)(l) = gij{x)lgij{x)-^ = 1, 
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wc sec that the expressions above uniquely define a global section 1 e C£{M, g) 
with l|f/. = Ij. 

7. There exists a unit section on C^gpjjje (M, 5) (and also on C^gpj^^e {M,g)), 
if and only if, Pspinj ^{^) is trivial. 

Indeed, we show the necessity for the case of Cta^^-^^e {M, .g),^ the sufficiency 
is trivial. For C^spi^e {M,g), the transition functions corresponding to local 
trivializations 

n^:7T;^\U^) ^U^xRp.q, ny.n;^\Uj)^UjxRp^g, (43) 

are given by kij{x) ~ Rg..(^^), with Ra : Mp,q — > Rp,q,x 1— > xa~^ . A unit 
section in C£gpj^e (M, g) - if it exists - is written in terms of these two local 
trivializations as 

ll{x)^nr\x,l), mx) = nj\x,l), (44) 

and we must have l[(x) = lj(x) Wx e Ui (1 Uj. As rii(l[(x)) = (x, 1) = 
fljiVjix)), we have l[(a;) = lj(x) <^ 1 = fc^ (x) • 1 <^ 1 = Igy (x)"^ <^ ffy (a;) = 

1.9 

We already recalled that when the (non-compact) spacetime M is a spin 
manifold, the bundle Pspin^; 3 {M) admits global sections. With this in mind, 
let us fix a spin fram,e gS and its dual spin coframe S for M. This induces a 
global trivialization for Pspinj ^i^), which we denote by $2 : Pspinj (A'/) 
M X Spin^ 3, with ^^^{x,l) = E{x). As we show in the following, the spin 
coframe S can also be used to induce certain fiducial global sections on the 
various vector bundles associated to Pspinf 3(Af): 

(a) C^(M,5) 

Let {E*} be a fixed orthonormal basis of R^'^ ^ Mi^ (which can be 

thought of as being the canonical basis of K-*^'^). Wc define basis sections in 
C£{M,g) = Pspin«_3(M) XAd Ki,3 by O^x) = [(S(a;), E^)]. Of course, this in- 
duces a multiform basis {di{x)} for each x e M. Note that a more precise 
notation for 0a would be, for instance, 

(b) C4pi„. ^(M,ff) 

Let iL e secC4pin=3(^>f) be defined by li{x) = [(S(.x),l)]. Then the 
natural right action of Mi^a on Cfgpjj^e ^ (M, g) leads to lL(a;)a — [{E{x),a)] 

*The proof for the case of Ci^^^^^ (M, g) is analogous. 

''For general spin manifolds, the bundle Pspin<= (Af) is not necessarily trivial for arbitrary 
(p,q), but Geroch's theorem warrants that, for the special case (j>,q) = (1,3) with M non- 
compact, Psnin* (A^) is trivial. By the above proposition, we then see that CP^-, (M,g) 
^ 1,3 p 1,3 

and also C^gpj^^e (M, g) have global "unit sections" . It is most important to note, how- 
ever, that each different choice of a (global) trivialization Q,i on C^gpjj^e {M, g) (respectively 
C£gpjj^e i^td)) induces a different global unit section 1^ (respectively 1^). Therefore, even in 
this case there is no canonical unit section on C^gpj^^c (M, g) (respectively on C^gpj^^e (M, g)). 
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for all a G K.i,3- It follows from property 2 above that an arbitrary section 
a e secC^pin" (-^A 9) can be written as a = iL/, with / € T{M, Mi^a). 

Let e secC£^pi„. ^(M,5) be defined by l^(a;) = 1)]. Then the nat- 

ural left action of Ri,3 on Cigp^^e ^ (M, g) leads to al'^{x) = a)] for all a G 

Mi^a. It follows from property 2 that an arbitrary section a G secC^gpi,-je ^ (Af, g) 
can be written as a = with / G J^(Af, Ri.s). 

Now recall again that a spin structure on M is a 2-1 bundle map s : 
Pspm5_3(Af) ^ Pso5,3(M) such that s{pu) = s(p)Ad„, Vp G Pspinf ^iM), 
u G Spin^ 3, where Ad : Spin^ 3 SO^ 3, Adti : x uxu^^. We see that 
the specification of the global section in the case (a) above is compatible with 
the Lorentz coframe {9a] — s(S) assigned by s. More precisely, for each 
X G Af, the element s{E{x)) G Psoj 3 (-^) is to be regarded as a proper isometry 
s(S(a;)) : R^^^ T*M, so that 9a{x) := s(p) • Ea yields a Lorentz coframe {9^} 
on Af, which we denoted by s(S). On the other hand, C£{M,g) is isomorphic 
to Pspin=3(Af) XAd Ki_3, and we can always arrange things so that 9ii{x) is 
represented in this bundle as 9a{x) = [(S(a;),Ea)] . In fact, all we have to do 
is to verify that this identification is covariant under a change of coframes. To 
see that, let H' G sec(Pspin= 3(Af)) be another spin coframe on M. From the 
principal bundle structure of Pspin= 3(^^)1 we know that, for each x G M, there 
exists (a unique) u{x) G Spin^ 3 such that = E(x)u(x). If we define, as 

above, 9'^{x) = s{E'{x)) ■ Ea, then 

9'^{x) = s{E{x)u{x)) ■ Ea = s(S(a;))Ad„(,) • Ea 

= [(S(x),Ad„(,) - Ea)] = [(S(x)u(a;),Ea)] = E,)] . 

This proves our claim. The following results proved in |14 | are also needed for 
what follows. 

(i) Ea = lUx)94x)llix), Vx G Af, 

(ii) lU^ = lGa(Af,ff), (45) 

(iii) lUL = 1 G Ri,3. 

Consider now how the various global sections defined above transform when 
the spin coframe E! is changed. Let S' G sec Pspinj 3 (Af ) be another spin coframe 
with 'B'{x) = E{x)u{x), where u{x) G Spin^ 3. Let 9^, 1^, iL and 0^, 1^/, iL 
be the global sections respectively defined by S and S' (as above). We then 
have (see proof in 14 ) that if S, S' are two spin coframes related by S' = Eu, 
where u : M Spiuj 3, then 

(i) C = U9M^' 
(ii) iL, = lU = f/lL, 

(m) V^, = u-H^s ^ (46) 
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whereU G secC£{M, g) is the Clifford field associated to m by U'(x) = [{E{x) , u{x))] . 
Also, in (ii) and (iii), u and respectively act on iL £ secC^gpjj^e {M,g) and 
l&esecCrspi,.^(M,g). 

3 Covariant Derivatives of Clifford Fields 

Since the Clifford bundle of differential forms is C£{M,g) ~ TM/Jg, it is clear 
that any linear connection V on TM which is metric compatible (Vg = 0) 
passes to the quotient TM/ Jg, and thus define an algebra bundle connection 
0]. In this way, the covariant derivative of a Clifford field A G sec C£{M, g) is 
completely determined. 

We now derive m) formulas for the covariant derivative of Clifford fields 
(and for Dirac-Hestenes spinor fields) using the general theory of connections 
in principal bundles and covariant derivatives in associate vector bundles as 
developed in the Appendices (see also, e.g., OEIE]) 

The covariant derivative of a Clifford field A G secC£{M, g) (in a given 
gauge), in the direction of the vector field V G sec TM is given by 

VvA^dv{A) + ^[ujv,A], (47) 

where ivy is the usual (/\^(r*Af )-valued) connection 1-form written in the basis 
{6'a} • We recall that dv is the Pfaff derivative operator fEa. H15|) '). that is, if 
A = A'0i, then 9y(A) := V{A')0i}° 

Indeed, writing A(t) = A{(T{t)) in terms of the multiform basis {e/} of 
sections associated to a given spin coframe, we have A{t) = A^{t)ei{t) = 
A'{mEit),-Ej)] = mt),A'it)-Ej)] = [(S(t),a(t))], with a{t) := A^(t)E, G 
Ki 3. Then the parallel transported field is given by 

Al = mO),git)ait)g{t)-')] (48) 

for some g{t) G Spin^ 3, with g{0) — 1. Thus 



lim^ [git)ait)git)-' - ai 



dg _^ da _i dg 

-ir".9 +9-779 +.90 



t 



dt ' dt ' dt 

d(0) + <?(0)a(0)-a(0)<7(0) = 
F(A^)E, + [<7(0),a(0)], 



where 5(0) G spin^f 3 = l\ {M.^-^). Therefore 

VvA^V[£)ei + ]^[ujv,A], 



'/ denotes collective indices of a basis of Ci{M,g), e.g., 612 = 6162- 
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where 

= [{p. 5(0))]= ^co^b^a A = \Lo\'°e^ A 0b (49) 

= il/'^L^f 0a A 0b = ^T^'^t^acb^" A e"". (50) 

In particular, calculating the covariant derivative of the basis 1-covector 
fields Ea yields i[wee,0a] = ^^ca^b- Note that 

Wacb = ?7adt^c b = -^^bca (51) 

and 

Luf = rf^Lo^,,if° = -Lo^'' (52) 

In this way, oj : V ^ lov is the usual (A^(^r*M)-valued) connection 1-form 
on M written in a given gauge (i.e., relative to a spin frame and associated 
orthonormal (vector) coframe). 

Ea. H47|l shows that the covariant derivative preserves the degree of a homo- 
geneous Clifford field, as can be easily verified. 

The general formula given by Ea. (|47|l and the associative law in the Clif- 
ford algebra immediately yields the result that the covariant derivative Vy 
on C£{M,g) acts as a derivation on the algebra of sections, i.e., for A,Bg 
sec Ce{M,g) and V e sec TM, it holds 

VviAB) = (yvA)B + A{\7vB). (53) 

Under a change of gauge (local Lorentz transformation) , ujv transforms as 

^ujv ^U^ujyU-^ + {\/vU)U-\ (54) 

Indeed, using Ea. H47() we can calculate WyA in two different gauges as 

\7vA^dv{A) + ^[ujv,A], (55) 

or 

VvA^d'y{A) + ^[u;'y,Al (56) 

where by definition dviA) = V{Ai)6^ and dy{A) = V{A'j)e'^. Now, we observe 
that since 6'^ = U9^U^^, we can write 

UdviU-^A) = UdviJJ-^A\e") = V{A'j)e" + A'^O'^UdviU^^) 
= d'yiA) + AUdv{U-'). 

Now, UdviU-^A) = dvA + U{dvU-^)A and it follows that 

d'yiA) ^ dviA) - [{dvU) U-\A] 
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Then, we see comparing the second members of Ea. (|55|l and Ea. (|56ll that 

^iu'y^^u;v + {dvU)U-\ (57) 



and 



1 , 1 



u- 



= ^UujvU-^ + {\/vU)U-\ (58) 

3.1 Curvature and Torsion Extensors of a Riemann-Cartan 
Connection 

Let u, V, t, z G sec TM and u,v,t,z G t\{T*M) ^ Ce{M,g) the physically 
equivalent 1-forms, i.e., u = g(u, ), etc. Let moreover, as usual {ea} be an 
orthonormal basis for TM and {9''}, 6*^ G sec /\\T*M) ^ Ce{M,g) the cor- 
responding dual basis and consider the Riemann-Cartan spacetime (M, g, Tg, | 
,V). CaU<9 = 6'«ea. 

The torsion operator of the connection is the (2, l)-extensor field^^ 

T -.sec /\{T*M) sec /\\t*M), 
t{u Av) = {u ■ d)v — {v ■ d)u — [w, u], (59) 

where the Lie bracket of form fields is^^ 

[u, v] = [u- d)v — {v ■ d)u, (60) 

The torsion of the connection is the extensor field 

T: sec {/\\t*M) x f\ {T* M)) scc/\{T*M), (61) 
T{z,u Av) = z -riu Av). (62) 

The connection (1, 2)-extensor field a; is given by 

ijJ : sec /\ (T*M) -> sec /\ (T*M), 

V y~* u}^ ^ V = g(v, ), (63) 
where Wv is the (/\^(T*M)-valued) connection 1-form introduced in Ea. (|49|l . 

^^For a detailed theory of multivector and extensor fields, see l5ll6l 171^161 1171 IT8lll9| . 
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The curvature biform of the connection is the (2,2)-extensor field"'^^ *H(wAu) 

91 : sec/\^(r*M) ~> sec /\^{T*M) 
U\{u Av) — u - du}{v) — V ■ du}{u) + u}{u) x u}{v). (64) 
We now show that the curvature biform can be written as 

t\v) — u - dujv — V ■ cJcju — 2 [^"' '^"^1 ~ ^[u.v] • (65) 
Indeed, recaU that by definition 

u ■ a(u)(u)) = u • d{u}{v)) + [u}{u),u}{v)]. (66) 

Also, 

(u • du) (v) = u ■ du){v) — u ■ d{ijj{v)) — ijj{u ■ dv). (67) 

So, 

u ■ d{u>{v)) — V ■ d{u){u))^ u ■ duj{v)—v ■ du){u) + u){u ■ dv) — u){v ■ du) 

— u ■ du}{v)—v ■ duj{u) + i^{[u, v]) 
~ u ■ dojv — V ■ duju + ^[u,v]i (68) 

and using the above equations in Ea. (|64|l we derives Ea. H65|l . 
We can also easily show that 

[Vu,Vv]i- V[„,v]i = ^[9^(wAf),i] (69) 

It is important to have in mind that the curvature operator of the theory of 
covariant derivatives is given by (see, e.g., IHI) 

p(u,v)-[Vu,Vv]-V[u,v] (70) 
The Riemann curvature extensor of the connection is 

R : sec f\{T*M) x f\{T*M) sec f\{T*M), 
Kit A z,u Av)= {t A z) ■■in{u Av) (71) 

We can show that if [ca, Cb] = c^b^d, then [9^, 0^] = c^i^^d- Then, using the 
above formulas we have immediately that 

T{z,uAv) = Zdu'^v^T^^,, 

ra^b=^ab-^ba-<b (72) 

and 

R(t A z,u Av) = fzdu'^v^R^g^^^, 

^dab = ea(Wbc) - eb(wfc) + wfk^bc " ^bk^ac ^ ^b^kc (73) 



'Note that [u,v] is the standard Lie bracket of vector fields. 



18 



Also, we have the very important result. For any t G sec /\^(T*M) ^ 
seca(M,5) 

[Ve,, Veji = m{9^ A 9^yt - {T^^ - LOI^ + L0l,)VeJ. (74) 

Indeed, usmg the previous results, we can write 

^ ' ab *- ab *- ab 

= fn(0a A e^^yt - n^v^j + {^i^ - c^^j Ve^t. (75) 
4 Covariant Derivative of Spinor Fields 

The spinor bundles introduced in Sections 2.2, 2.3 and 2.4, hke I{AI,g) = 
Pspin=,3(Af) X, /, / = Ri,3i(l + i?o), and C^^^^e^ (M, g), C£^pi„.^ (M, 5) (and 
subbundles) are vector bundles. Thus, as in the case of Clifford fields we 
can use the general theory of covariant derivative operators on associate vec- 
tor bundles (described in the Appendices) to obtain formulas for the covari- 
ant derivatives of sections of these bundles. Given ^E" € sec C^gpjj^e ^ (M, g) 
and $ e sec C£gp^^^c ^ (M, g) , we denote the corresponding covariant deriva- 
tives by Vf^* and Vf,$ We have that for any ^ £ secC^^pj^j. (M,g) and 
$esecagpi„e^(M,5) 

Vt.* = av(^') + iwy1', (76) 

= dv{^) - ^$wy. (77) 

The proof is analogous to the case of the covaraint derivative of Clifford fields, 
with the difference that Ea. (|48|l should be substituted by 

= mO),git)am and <i>|], = [(S(0), a(t).9(t)-i)]. 

We observe that in the case of (covariant) spinor fields, the matrix represen- 
tation of the are called Fock-Ivanenko coefficients. 
Another important result (see is the following: 

Let V be the connection on C£{M, g) to which V* is related. Then, for any 
V G secTM, A e seca(M,5),^' e secC4pi„e^(M,g) and$ G secC^§pi„e^(M,g), 

V^(A*) = A(Vt^^') + (VyA)*, (78) 
V'yi^A) = $(VyA)+(Vt-$)A (79) 

i^Recall that /'(M) ^ C^gpin^ 3 (^^' S) and r(M) ^ C'^gpj^e ^ (M, g). 
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Using the above results we can prove that the right unit sections associated 
with spin coframes are not constant in any covariant way. Indeed, if 1^ £ 
secCfgpjjjc {M,g) is the right unit section associated to the spin coframe S, 
then 

V:,l^ = -il^^e.. (80) 

We now calculate the covariant derivative of a spinor field e sec Cig^^^e (M, g) 
in the direction of the vector field V £ sec TM to confirm the validity of 

Let u : M ^ Spin^ 3 ^ Ri_3 be such that in the spin gauge S G secPspinj 3 
(M) we have for U e secC6°\M,g), UU'^ = 1, U{x) = [{E{x),u{x))]. Then, 
we can write the covariant derivative of e sec Cl^^^^c ^ (M, g) in two different 
gauges S, S' 6 sec Pspinj 3 {M) as 

Vt^* = + ic^v*, (81) 

Vf.* = d'y{^) + ia;^*- (82) 

Now, 

where s' , s'' are the following equivalence classes in secC^gpij^e {M,g) 

with 5'^ a spinor basis in a minimal left ideal in Mi. 3. Now, if S' = 5it we can 
write, using the fact that Cig^^^^ ^ (M, g) is a module over C£{M, g) that 

[(S'(x),50]^= [(S(x)u(x),5^)]^= [(S(x),z.50], 
= [(S(x),«(x))]c,[(S(x),50]. 
Now, recalhng that [/ = [(S(x), m(x))]^^ £ secC£{M, g) we can write 

s'^ = C//. (83) 



Recalling that 



St- (VI/) = 9v(*;)s'^ (84) 



we get 



d'yi-i')=dv{'f) + U-\dvU). (85) 

Using Eq. (|85|l in Eq. (|81|l and Eq. H82() we immediately confirm the validity of 
Ea. H54|l . We explore a little bit more some details in the calculation of Vy'i'. 

^^Authors are grateful to Dr. R. A. Mosna for discussions on this issue. 
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Recall that since * = [(5, *h)]^ = [(S', Vfyi^ we can write 
i.e., 



Then, 



(86) 



and 



with 



dU^) = Vm)[{E,S')]^ 



[{E,V{^j)S')]^ = [iE,dv{^^)] (87) 
[{E,V{^'j)S')]^ = [iE,dv{%)] (88) 



vf.* = a(,(«') + L;^^' = 



S',9v'(*H') + ^wt.*^ 



= [{E,Wv)]ci , 

u;t. = [(S',z.t.)L 



Then we can write using Ea. (|90|l . 



Comparing Eas. l|S!?|) and (jHOJl we get 



—w'y—u ^wyu — dviu ^)u. 



(89) 
(90) 



(91) 
(92) 



(93) 



(94) 



Next, we must verify that Eqs.lPU and (|54|l are compatible. To do this, we 
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use Ea. (|^ to write 



1,,, 
2 



1 

2 



S, - wv + dv{u)i 



ci 



^'u ^ , -Wv + dv{u)u ^ 



Ci 



CI 



(95) 



Comparing Eas. lj^ and ijMI) . we see that Eas. (|MI) and are indeed 
compatible. 



5 Many Faces of the Dirac Equation 

As well known [31 I25L I14j . a covariant Dirac spinor field is a section SI/ e 
sec5e(M,.g) = Pspi„e 3(M) x^, C^. Let ([/ = M, $),$(*) = (x, |*(x))) 
be a global trivialization corresponding to a spin coframe S, such that for 
{ea}ePso5 3(M), 



s(S) = {6^}, 0- e sec C£(M, 5), 0=^(eb) = 5g 
+ 6^0'^ = 27;'"'', a, b = 0, 1, 2, 3. 



(96) 



The usual Dirac equation in a Lorentzian spacetime for the spinor field ^ — in 
interaction with an electromagnetic field A G sec/\^(Af) ^ secC^(M, </) — is 
then 

*7''(V:^ + iqA^)\^{x)) - m\^{x)) = 0, (97) 
where 7*" e C (4), a = 0, 1, 2, 3 is a set of constant Dirac matrices satisfying 



^ ^a ^ 2r] 



b „,a 



„ab 



(98) 



Due to the one-to-one correspondence between ideal sections of C^gpi^c ^ (M, 5), 
C^gpi,-,^ ^{M,g) and of Sc{M,g) as explained above, we can translate the Dirac 
Ea. H97|l for a covariant spinor field into an equation for a spinor field, which 
is a section of 'Ci'g^^^e {M, g) , and finally write an equivalent equation for a 

DHSF ip e secC^gpijje ^{M,g). In order to do that we introduce the spin-Dirac 
operator. 

The spin-Dirac operator acting on sections of C^gpjj^e (M, g) is the first order 
differential operator ^21 

d'=0''yi^, (99) 
where {0'^} is a basis as defined in Ea. H96|l . 
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Remark 2 It is crucial to keep in mind the distinction between the Dirac op- 
erator 9 (Ea. I^ll]) ) and the spin-Dirac operator c?" just defined. 

We now write Dirac equation in C^gpjj^e {M,g), denoted DEC£K It is 

a>E^^ - mV'E*' - qAi: = (100) 

where -0 g sec C^pin^ ^ {M, g) is a DHSF and the E^* G Mi,3 are such that E'^E''+ 
E'^E'^ ^ 27]^^^. Muhiplying Ea. ((TUn|) on the right by the idempotent f + 
E°)i(l + lE^E-*-) S C (8) Ri,3 we get after some simple algebraic manipulations 
the following equation for the (complex) ideal left spin-Clifford field =5" S 
secC4pi,.^(M,ff), 

id"^ ~ - qA^ = 0. (101) 

Now we can easily show, that given any global trivializations {U = M, 9) and 
([/ = M, $), of C£{M, g) and Cfgpjj^^ (M, g), there exists matrix representations 

of the {O'^} that are equal to the Dirac matrices (appearing in Ea. lpTTjl l. In 
that way the correspondence between Eqs.JHH), l| 3^^011 and l|101|) is proved. 

Remark 3 We must emphasize at this point that we call Eq. \10(1\) the DECi'' . 
It looks similar to the Dirac-Hestenes equation (on Minkowski spacetime) dis- 
cussed, e.g., in ]2&j. but it is indeed very different regarding its mathematical 
nature. It is an intrinsic equation satisfied by a legitimate spinor field, namely 
a DHSF if) G secCfgpjjjE ^(Af). The question naturally arises: May we write 

an equation with the same mathematical information of Eq. ^0f)]^) but satisfied 
by objects living on the Clifford bundle of an arbitrary Lorentzian spacetime, 
admitting a spin structure? We now show that the answer to that question is 
yes. 

5.1 The Dirac-Hestenes Equation 

We obtained above a Dirac equation, which we called DEC£'', describing the 
motion of spinor fields represented by sections ^ of Ctg^^^^ ^ (M, g) in interaction 

with an electromagnetic field A S secC£(M, g), 

d^^E,^^ - gA* = m*E°, (102) 

where d'' = {0^} is given by Ea. (|96|l . Vg_^ is the natural spinor covariant 

derivative acting on secC^gpin' 3 (-^' .9) {E"*} e R^'^ ^ Mi, 3 is such that 
gagb _|_ gbga _ 2r]^^ . As wc already mentioned, although Ea. (|102|) is written 
in a kind of Clifford bundle (i.e., Cig^^^c {M,g)), it does not suffer from the 
inconsistency of representing spinors as pure differential forms and, in fact, the 
object ^ behaves as it should under Lorentz transformations. 

Of course, Ee l] 102(1 is nothing more than a rewriting of the usual Dirac 
equation, where the role of the constant gamma matrices is undertaken by the 
constant elements {E'*} in Ri,3 and by the set {0'^}. In this way, Ea. ((102|l is not 



23 



a kind of Dirac-Hestenes equation as discussed, e.g., in It suffices to say 
that (i) the state of the electron, represented by is not a Clifford field and 
(ii) the E°'s are just constant elements of Ri^s and not sections of 1-form fields 
in C£{M,g). Nevertheless, as shown originally in ^1] Ea. HlU2|l does lead to a 
multiform Dirac equation once we carefully employ the theory of right and left 
actions on the various Clifford bundles introduced above. It is that multiform 
equation that we call the DHE. 



5.1.1 Representatives of DHSF on the Clifford Bundle 



Let {E'*} be, as before, a fixed orthonormal basis of 



pi. 3 



Remember 



that these objects are fundamental to the Dirac equation (|102|l in terms of 
sections* of C4pi„=^(M,g): 

a"*E^^ - qA<b = m*E°. 

Let gS G sec Pspinj 3 {M) be a spin frame and S its dual spin coframe on M and 
define the sections iL, IS; and 0a, respectively on C^gpjjj,, ^ (M, 5), C^gpjj^e ^ (M, g) 
and C£{M,g), as above. Now we can use Eas. (|45(l and (|46|l to write the above 
equation in terms of sections of C£{M, g) : 



Right-multiplying by 1^ yields, 



r O 



It follows from Eq.((Znj that 

(v:^*)i^ = Ve.(*i^)-*v:^(iy 

where Ea. pUl was employed in the last step. Therefore 



(103) 
(104) 



(105) 



Ve.(*lE 



2 



6*2^ - gA(*i;) = to(*1? 



(106) 



Thus it is natural to define, for each spin coframe S, the Clifford field -05 G 
secCe{M,g) by 

V'H := *1h- (107) 

We then have 



(108) 



A comment about the nature of spinors is in order. As we repeatedly said in 
the previous sections, spinor fields should not be ultimately regarded as fields 
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of multiforms, for their behavior under Lorentz transformations is not tensorial 
(they are able to distinguish between 2-k and 47r rotations). So, how can the 
identification above be correct? The answer is that the definition in Eq. H1(J7|I is 
intrinsically spin-coframe dependent. Clearly, this is the price one ought to pay 
if one wants to make sense of the procedure of representing spinors by differential 
forms. 

Note also that the covariant derivative acting on V'h in Ea. H108|l is the ten- 
sorial covariant derivative Vy on Ci{M,g), as it should be. However, we see 
from the expression above that Vy acts on ips together with the term ^if's'^v- 

(s) 

Therefore, it is natural to define an effective covariant derivative acting on 
ips by 

Vi^Vn := Ve^V-H + l^'stoe^. (109) 

or, recalling Ea. (|76|l . 

V(:VH = 9e.(^H) + ic.e>H, (HO) 

which emulates the spinorial covariant derivative, as it should. We observe 
moreover that if C e sec C£{M, g) and if V'h G sec Ci{M, g) is a representative of 
a Dirac-Hestenes spinor field then 

Vi:) (CVh) = (Ve^C) V^H + C(V(:)Vh). (Ill) 

With this notation, we finally have the Dirac-Hestenes equation for the rep- 
resentative Clifford field ip^ £ sec C£{M,g) of a DHSF * of C^pj^e ^ ( Af , 5) 
relative to the spin coframe S on a Lorentzian spacetime: 

e'^Vlf^'iJjsO^^ - qA^Pe = miJjsO". (112) 

Let us finally show that this formulation recovers the usual transforma- 
tion properties characteristic of the Hestenes' formalism as described, e.g., in 
pS). Consider then, two spin coframes S,S' G secPgpine ^(M), with ^'{x) = 
E{x)u{x), where u{x) G Spin^ 3 . It follows [Tl] that V'h' = *1h' = = 
^1^U~^ = ip3U~^. Therefore, the various spin coframe dependent Clifford 
fields from Ea. ()II2|l transform as 

9'^ = UejJ-\ (113) 

These are exactly the transformation rules one expects from fields satisfying the 
Dirac-Hestenes equation. 

5.1.2 Passive Gauge Invariance of the DHE 

It is a trivial exercise to show that if 

e"^v''^}ipB.'e'^^ - qAiJjs' = m^E'0'° 
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then if the connection uoy transforms as in Ea. (|54ll then 

This property wiU be referred as passive gauge invariance of the DHE. It 
shows that the fact that even if writing of the Dirac-Hestenes is, of course, frame 
dependent, this fact does not imply in the selection of any preferred reference 
frame. 

The concept of active gauge invariance under local rotations of the Dirac- 
Hestenes equation will be studied below. 

5.2 

Let V G secC£(o)(M,g) be a representative of a Dirac-Hestenes spinor field in 
a spin frame S defining the orthonormal basis {ca} for TM with {9'^}, {9'^ S 
sec /\ {T*M) ^ C£{M, g)) the corresponding dual basis and {^a} the reciprocal 
basis of {9^}- Then, a trivial calculation similar to the one that leads to Ea. H74|l 
shows that 

i^L^^lJ^ = ^^(^a A 0b)V^ - {T^b - C^Sb + ^ba)VeeV', (114) 

where £H(6'a A 9h) is the same object as in Eg . (1741) . This shows the unifying 
power of our formalism. 

We are now prepared to discuss the meaning of local active Lorentz invari- 
ance of Maxwell and Dirac-Hestenes Equations. 



6 Active Local Lorentz Invariance and Maxwell 
equations 

The action functional for the electromagnetic field F generated by a current J 
in classical electromagnetic theory is (as it is well-known) 

/ FA*F-AA*J. (115) 
Ju 

Action (|115|l is invariant under local active Lorentz transformations. This 
statement is easy to see once we use the Clifford bundle formalism. Indeed, 
taking into account that^^ 

F Ai.F ^ {F ■ F)Tg, (116) 
we see that if we perform an active Lorentz transformation 

F ^ F ^ RFR-\ (117) 

^^Also, compare that equation, e.g., with Eq. (6.4.54) of Ramond's book 1221 . where some 
terms are missing. 

^^Analogous argument applies to the term A A *J. 
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where R G sec Spin^ 3(M) ^ sec Ce^°\M,g), we have 

R R 

FA*F = i^A*F. (118) 

This follows since Tg = 9^^ commutes with even sections of the Clifford bundle 
and RO^R-^ = 9^. 

R 

Is -F a solution of Maxwell equations? The answer is in general negative. 
Indeed, if 

dF^O, SF^-J, (119) 

in general, 

d{RFR-^) ^ 0, S{RFR-^) ^ RJR'K (120) 
This can be easily seen in the Clifford bundle formalism, since in general, 

d{RFR-^) 7^ R{dF)R-\ (121) 

because, in general, 9'^R ^ R9'^. 

So, in definitive, we showed that although Maxwell action is invariant under 
active local Lorentz transformations. Maxwell equation does not inherit that 
invariance. However, we can modify Maxwell equation in such way that we may 
propose that F and all RFR~^ are gauge equivalent. In order for that to be 
the case, it is necessary that the Dirac operator be d only in a fiducial gauge. 
In other gauges, we have (symbolically) 

8 0^9 = Rd {)R-\ (122) 

In this case, we always have 

RR. R 

dF = J, (123) 

and we can say that distinct electromagnetic fields are also classified as distinct 

R. 

equivalence classes, where F and F represent the same field in different gauges. 
These different gauges arises from generalized G-connections (Definition lt)3|) . 
Since this problem appears also in an analogous way in the case of the Dirac 
equation, we discuss in details, only this latter case. As we will see the sug- 
gestion that gauge equivalent equations describe the same physical phenomena 
implies that the different geometries on (Af,g) generated by equivalent gauge 
connections, with different torsion and curvature tensors are indistinguishable. 
The empirical use of a particular gauge is then a question of convenience. 

7 The Dirac-Hestenes Equation on a Riemann- 
Cartan Spacetime 

Let (M, g, V, Tg, I) be a general Riemann-Cartan spacetime. In this section we 
investigate how to obtain a generalization of the Dirac-Hestenes equation (intro- 
duced above for a Lorentzian spacetime) for a representative i/iHu G sec C£{M, g) 
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of a Dirac-Hestenes spinor field 5" G sec C^gpjj^e ^ (Af, g). In order to do that 

we first introduce a chart {ip, U) from the maximal atlas of M, with coor- 
dinate functions {x^}. The associate coordinate basis of TU is denoted by 
{e^ = g§7r = dfj^} and we denote by {7^ = dx^^} its dual basis. Moreover, we 
suppose that 7^ £ sec /\^{T*M) ^ secCt{M,g). Also, let {ca} G secPso= gC^) 

an orthonormal frame and {0"*}, G sec /\^{T*M) ^ sec C^(M, 5) the corre- 
sponding dual basis. In what follows we are going to work in a fixed spin coframe 
2u — {u, {0'^}) and so, in order to simplify the notation we write simply ip in- 
stead of ips^. 

Recall now that the Lagrangian density for a free Dirac-Hestenes spinor in 
Minkowski spacetime (M, ry, Z), r^, t) can be written in a global Lorentz 
coordinate chart {x^} as 

£.{x, ■0, (9V') = H^, '0, dij)dx° A dx^ A di^ A dx^ 

= (dipi-fs) ■ - mip ■ dx° A dx^ A dx'^ A dx^ , (124) 

where d = dx^D a . The usual prescription of minimal coupling between a 
given spinor field and the (generalized) gravitational field, 

suggests that we take the following Lagrangian for a (representative) V of a 
Dirac-Hestenes spinor field in a Riemann-Cartan spacetime, 

C{x, ^, ^("V) = S,{x, ip, d''ij)dx° A dx^ A dx^ A dx^ 

= {d^'^e^O'^e^) • V - mV- • Vl V|detg|da;° A dx^ A dx^ A da;^ 

(125) 

where 

d^'^ = e'^vii^ = (^e^^ + ^^e>^ (126) 

Now, in order to use (almost directly) the Lagrangian formalism in Minkowski 
spacetime as presented in |15| for the present problem we must recall that the 
term dxdg ^£ appearing in the Euler-Lagrange equation (ELE) for the Dirac- 
Hestenes spinor field corresponds to gjjr {d 2}j as can be proved by direct 
calculation. If we take this observation into account we immediately obtain that 
variation of the Lagrangian given by Eq. (|125|l results in the following ELE, 

d^Z - {dd^^S) = 0. (127) 

But, since our Lagrangian is expressed in terms of the Pfaff derivatives de^tp 
we must express 9^ (^dg^^ZPj in terms of them. To do that we first write 

e'^ = hldxf. (128) 
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Then, since 

v^ = ^^r^ (129) 

we have 

£(1, V, d'ljj) = [{dyje^e^e"^) ■^P-m'^p■^P]t)-\ (130) 

Also, 

aa,^£ = (9a,,^ae,V')(aa,^^£) = /i^5a,^^£ (131) 
and Ea. (|127|) becomes 

8^2 - {d^K)do^^^Z-d,^ (9a,^^£) = 0. (132) 

Now, we can verify that 

r'a^f) = Kd^hi, (133) 

and taking into account that 

[ea, eb] = {hld,,hl - h^d^hDe, = c^^e^ (134) 

we can write 

5^/^^^ = -Cab + r '5eJ, (135) 

and Ea. (|132() becomes 

d^Z - [de^ - c^b + r'^ej] [da^^i^S) = 0. (136) 

Now^s, 
and then 

de^ = -r'ae,t)(59.,^£) - r'^"ae„1/'0°0^0^ (137) 

and Ea. (|136(l becomes 

e'^vi'}^e°e'^e^ - ^e'^uj^jjo^e'^e^ +^e'^LOejjO°e'^e^ + ]^e'^c^^i^-mi} = (i38) 

or, recaUing that the components of the torsion tensor in an orthonormal basis 
are given by 

T^-^ab-^ba-C^b, (139) 

^*The symbol ( )^ means projection on the grades of i/". 
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and that, in particular uj^^^ = Tybb^^a*' = 0, we have 

= e''\/ii^e°d^e^ - ^e^'^cje^^pe^e'^e^ - ^cl^,0'''i{;e°9^e^ - rmp (uo) 

Finally we write the Dirac-Hestenes equation in a general Riemann-Cartan 
spacetime as 

d^'H0'^0^ + lTi;0°0^0^ - mij0° = 0, (141) 

where 

T = r^b6l'^. (142) 

is called the torsion covector. Note that in a Lorentzian manifold T = and 
we come back to the Dirac-Hestenes equation given by Ea. (|108|l . We observe 
moreover that the matrix representation of Eq. (|141|l coincides with an equation 
first proposed by Hehl and Datta 

We observe yet that if we tried to get the equation of motion of a Dirac- 
Hestenes spinor field in a Riemann-Cartan spacetime using the principle of 
minimal coupling in the Dirac-Hestenes equation in Minkowski spacetime, we 
would miss the term ^Ti/j0'^0^ appearing in Ea. (|141| ). This would be very bad 
indeed, because in a complete theory where the {0^} and the {wca} must be 
dynamic fields it can be shown that spinor fields generate torsion (details in |2]). 



8 Active Lorentz Invariance of the Dirac-Hestenes 
Lagrangian 

In the proposed gauge theories of the gravitational field (see, e.g., jl3l I22| 'l it is 
said that the Lagrangians and the corresponding equations of motion of physical 
fields must be invariant under arbitrary local Lorentz rotations. In this section 
we briefly investigate how to mathematically implement such a hypothesis and 
what is its meaning for the case of a Dirac-Hestenes spinor field on a Riemann- 
Cartan spacetime. The Lagrangian we shall investigate is the one given by 
Ea.lfT-p. i.e.. 



'^''Vlf^^i,0°e^0^) -i^-rmp-i, i)-^ (Dirac-Hestenes) 



Observe that the Dirac-Hestenes Lagrangian has been written in a fixed 
(passive gauge) individualized by a spin coframe S and we already know that 
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it is invariant under passive gauge transformations tp i-^ ■4>U~^ {UU~^ = 1, 
U G sec Spin^ 3 (M) ^ sec C£(M, g) once the 'connection' 2-form transforms 
as given in Ea. (|31|l . i.e., 

^Lov ^U^^ujvU^^ + {VvU)U-\ (143) 

Under an active rotation (gauge) transformation the fields transform in new 
fields given by 

e^^e'^ = iA-')'^en. (144) 

Now, according to the ideas of gauge theories, we must search for a new 
connection such that the Lagrangian results invariant. This will be the case 
if connections V and are generalized G-connections (Definition I63|l . i.e.. 



or 

V'j;^'>{Uij) ^ (145) 

Also, taking into account the structure of a representative of a spinor covariant 
derivative in the Clifford bundle (see Ea. (|76|l ) we must have we must have for 
the Pfaff derivative 

ae„ ^a;, =A™ae„, (ue) 

and for the connection, 



0J„ 



or 



Uuje^U-^ - 2de^iU)U-\ (147) 



Write 



Recall that 



We„ = ^'^m^k A 01 - icoj^l^ki e sec«(M,5), 
J7 = expF, F = if^'^eirs e sccC£{M,g). (148) 



^nk = <Vs^- (149) 
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Then, from Eas. ((TT7|) . and ((Tl^ we get 



^nk = - '/skAJ^5e„ {F^ (150) 

Now, we recall that the components of the torsion tensors T and T' of the 
connections V and V' in the orthonormal basis {er ® 6*" A 6^} are given by 

rpr r r r 

T^k = <k-<n-c;;k, (151) 

where [e„,ek] = c^k^r- 

Let us suppose that we start with a torsion free connection V. This means 
that c;;^ = '^nk - ^£„- Then, 

Ck = A^JAlTA^cP J, - c\,^ - {F'^n ['7skA- - v.^A^t] , (152) 

and we see that T' = only for very particular gauge transformations. 

We then arrive at the conclusion that to suppose the Dirac-Hestenes La- 
gragian is invariant under active rotational gauge transformations implies in an 
equivalence between torsion free and non torsion free connections. It is always 
emphasized that in a theory where besides ip, also the the tetrad fields 8^ and 
the connection w are dynamic variables, the torsion is not zero, because its 
source is the spin of the ip field. Well, this is true in particular gauges, because 
as showed above it seems that it is always possible to find gauges where the 
torsion is null. Analogous conclusions are valid for the curvature tensors of the 
'gauge equivalent connections', as the reader may verify. 



A Principal Bundles and Associated Vector Bun- 
dles 

We recall in this and the next Appendices some of the main definitions and 
concepts of the theory of principal bundles and their associated vector bundles, 
including the theory of connections and generalized G-connections in principal 
and vector bundles, which we shall need in order to introduce the Clifford and 
spin-Clifford bundles over a Lorentzian manifold. Propositions are in general 
presented without proofs, which can be found, e.g., in [51 1111 l?T] . 

Definition 4 A fiber bundle over M with Lie group G is denoted by {E, AI, tt, G, F) . 
E is a topological space called the total space of the bundle, t: : E M is a 
continuous surjective map, called the canonical projection and F is the typical 
fiber. The following conditions must be satisfied: 

a) Tr^^{x), the fiber over x, is homeomorphic to F. 

b) Let {Ui, i G 3}, where 3 is an index set, be a covering of M , such that: 

• Locally a fiber bundle E is trivial, i.e., it is dijjeomorphic to a product 
bundle, i.e., TT~^{Ui) ^Uiy^F for all i ^ 3. 
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• The dijjeomorphisms : tt ^{Ui) Ui x F have the form 

$,(p) = (7r(p),4,,(p)) (153) 
4''-L-^x) = 't>i,x ■ TT^^ix) F is onto (154) 

The collection {{Ui, $i)}, z £ 3, are said to be a family of local trivializa- 
tions for E. 

• The group G acts on the typical fiber. Let x Cz Ui HUj. Then, 

° <l>7l --F^F (155) 

must coincide with the action of an element of G for all x Cz Ui C] Uj and 
i,j e 3. 

• We call transition functions of the bundle the continuous induced mappings 

Qij : UiDUj G, where gij{x) = 0^^^ o (156) 

For consistence of the theory the transition functions must satisfy the cocycle 
condition 

9i3{x)gjk(x) ^ gik{x). (157) 

Definition 5 (P, M, tt,G,F = G) = {P, M, tt, G) is called a principal fiber bun- 
dle (PFB) if all conditions in ^ are fulfilled and moreover, if there is a right 
action of G on elements p G P, such that: 

a) the mapping (defining the right action) P x G 3 {p, g) pg €z P is 
continuous. 

b) given g, g' e G and \/p G P, {pg)g' = p{gg'). 

c) yx G M,TT^^{x) is invariant under the action of G, i.e., each element of 
p £ t:^^{x) is mapped into pg £ t:^^(x), i.e., it is mapped into an element of 
the same fiber. 

d) G acts free and transitively on each fiber 7r^^(x), which means that all 
elements within 'k~^{x) are obtained by the action of all the elements of G on 
any given element of the fiber tt~^(x). This condition is, of course, necessary 
for the identification of the typical fiber with G. 

Definition 6 A bundle {E,M,tti,G = Gl{m,T),F = V), where T = M. or C 
(respectively the real and complex fields), Gl{m,J-) is the linear group, and V 
is an m-dimensional vector space over J- is called a vector bundle. 

Definition 7 A vector bundle {E,M,tt,G,F) denoted E — P Xp F is said 
to be associated to a PFB bundle (P, M, tt, G) by the linear representation p 
of G in F — Y (a linear space of finite dimension over an appropriate field, 
which is called the carrier space of the representation) if its transition functions 
are the images under p of the corresponding transition functions of the PFB 
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{P,M,n,G). This means the following: consider the following local trivializa- 
tions of P and E respectively 

$i : 7r-i([/i) [/i X G, (158) 

^,:tt^\U,)^U,xF, (159) 

Si(g) = (7ri(g),x,:('?)) = (x,Xi(9)), (160) 

XiU-i(x) = Xi,x : -Ki^ix) F, (161) 

where tti : PXpF M is the projection of the bundle associated to (P, M, n, G). 
Then, for all x GUiHUj, i,j £3, we have 

Xj,x o X,> = P{<l>j,x o ) • (162) 

In addition, the fibers n~^{x) are vector spaces isomorphic to the representation 
space V. 

Definition 8 Let {E, M, it, G, F) be a fiber bundle and U C M an open set. A 
local section of the fiber bundle {E, M, n, G, F) on U is a mapping 

s : U ^ E such that it o s = Idu, (163) 

IfU = M we say that s is a global section. 

Remark 9 There is a relation between sections and local trivializations for 

principal bundles. Indeed, each local section s, (on Ui C M) for a principal 
bundle {P,M,7r,G) determines a local trivialization : tt~^{U) U x G, of 
P by setting 

^i\x,g) = s{x)g = pg = Rgp. (164) 
Conversely, $i determines s since 

s{x) = ^r\x,e). (165) 

Proposition 10 A principal bundle is trivial if and only if it has a global cross 
section. 

Proposition 11 ^4 vector bundle is trivial if and only if its associated principal 
bundle is trivial. 

Proposition 12 Any fiber bundle {E, M, w, G, F) such that M is a paracompact 
manifold and the fiber F is a vector space admits a cross section. 

Remark 13 Then, any vector bundle associated to a trivial principal bundle 
has non-zero global sections. Note however that a vector bundle may admit a 
non-zero global section even if it is not trivial. Indeed, as shown in the main text, 
any Clifford bundle possesses a global identity section, and some spin-Clifford 
bundles admits also identity sections once a trivialization is given. 
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Definition 14 We say that the structure group G' of a fiber bundle {E, M, tt, G, F) 
is reducible to G if the bundle admits an equivalent structure defined with a sub- 
group G' of the structure group G. More precisely, this means that the fiber 
bundle admits a family of local trivializations such that the transition functions 
takes values in G' , i.e., gij : Ui fl Uj G' . 



A.l Frame Bundle 

The tangent bundle TAl to a difFerentiable n-dimensional manifold M is an asso- 
ciated bundle to a principal bundle called the frame bundle F{M) = IJxeM ^^M, 
where F^M is the set of frames at a; e M. Let {a;*} be the coordinate functions 
associated to a local chart {Ui, (pi) of the maximal atlas of M. Then, T^M has 
a natural basis { gfrj^} on Ui C M. 



Definition 15 A frame at T^M is a set 

pendent vectors such that 



{eiL 



F] 



d 



J,} of linearly inde- 
(166) 



and where the matrix (F^) with entries Aj G M, belongs to the the real general 
linear group in n dimensions Gl{n,S.). We write (F^) G Gl{n,M.). 



A local trivialization (pi : tt ^{Ui)^Ui x Gl{n,M.) is defined by 
Mf) = {x,^x), 7r(/) = X. 



(167) 



The action of a = (a^) G Gl{n, M) on a frame / G F{U) is given by (/, a) 
fa, where the new frame fa G F{U) is defined by (f>i{fa) = {x, S^), 7r(/) — x, 
and 



K 
J I 



(168) 



Conversely, given frames Ti^ and there exists a = (a^) G Gl(n,^ such that 
Ea. H168|l is satisfied, which means that Gl(n,M) acts on F{M) actively. 

Let {x^} and {x^} be the coordinate functions associated to the local chart 
{Ui,(pi) {Ui,(pi) and of the maximal atlas of M. li x E Ui D Uj we have 



F^' 



d 
dx^ 



d 



(i^),(i^)GG/(n,R). 



Since F/ 



we have that the transition functions are 



G Gl{n,] 



(169) 



(170) 
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Remark 16 Given U C M we shall denote by T, € sec F(U) a section of F{U) 
C F{M). This means that given a local trivialization (f> : Tr^^(U)^U x Gl{n,M.), 
(^(E) = (x^T^x), '"■(/) = X. Sometimes, we also use the sloppy notation {ei} € 
sec F{U) or even {ci} G sec F{M) when the context is clear. 



A. 2 Orthonormal Frame Bundle 

Suppose that the manifold M is equipped with a metric field g e secT^'^Af of 
signature (p, q), p + q = n. Then, we can introduce orthonormal frames in each 
TxU. In this case we denote an orthonormal frame by Y.^ = {ei|^ , e„|^} 
and 



^ dx^ 



(171) 

7(e4>e,L)|^ =diag(l,l,...,l,-l,...,-l) (172) 



with {hj) G 0{p, q), the real orthogonal group in n dimensions. In this case we 
say that the frame bundle has been reduced to the orthonormal frame bundle, 
which will be denoted by Po{n){M). A section T, G sec Po(Ti)(f^) is called a 
vierbein. 

Remark 17 The principal bundle of orthonormal frames Psof 3(-^) over a 
Lorentzian manifold modelling spacetime and its covering bundle called spin 
bundle Pspinf 3 (M) discussed in Section 2 play an important role in this article. 
Also, vector bundles associated to these bundles are very important. Associated 
to Psof 3 (M) we have the tensor bundle, the exterior bundle and the Clifford 
bundle. Associated to Pspin= ^{M) we have several spinor bundles, in particular 
the spin- Cliff ord bundle, residence of the Dirac-Hestenes spinor fields. All those 
bundles and their relations are studied in details in ll4Jl and briefly discussed in 
Section 2. 

Given two vector bundles [E, M, tt, G, V) and [E' , M' , n' , G' , V) we have 

Definition 18 The product bundle E x E' is a fiber bundle whose basis space is 
M X M' , the typical fiber is V © V', the structural group of Ex E' acts separately 
as G and G' in each one of the components 0/ V © V' and the projection it x it' is 

such that ExE' M x M' . 

Definition 19 Given two vector bundles {E, M, tt, G, V) and [E' , M, tt' , G' , V') 

over the same basis space, the Whitney sum bundle E Q) E' is the pullback of 
ExE'byh:M^ M x M, h{p) = {p,p). 

Definition 20 Given two vector bundles {E, M, tt, G, V) and (E' , M, tt' , G' , V) 

over the same basis space, the tensor product bundle E®E' is the bundle obtained 
from E and E' by assigning the tensor product of fibers tt~^®tt'~^ for all x G M . 

Remark 21 With the above definitions we can easily show that given three 
vector bundles, say, E,E',E" we have 

E®(E' ® E") = {E® E') ®{E® E") (173) 
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B Equivalent Definitions of a Connection in Prin- 
cipal Bundles 

To define the concept of a connection on a PFB (P,M,tt,G), we recall that 
since dim(M) = m, if dim(G) = n. then dim(P) = n + m,. Obviously, for 
is an n-dimensional submanifold of P difieomorphic to the 
structure group G and tt is a submersion, 7r~^{x) is a closed submanifold of P 
for all X e M. 

The tangent space TpP, p E 7r^^{x), is an (n + m)-dimensional vector space 
and the tangent space VpP = Tp{Tr^^(x)) to the fiber over x at the same point 
p G n^^{x) is an n-dimensional linear subspace of TpP called the vertical sub- 
space of TpP^^. 

Now, roughly speaking a connection on P is a rule that makes possible a 
correspondence between any two fibers along a curve a : R ^ I ^ M,t i-^ fT(t). 
If po belongs to the fiber over the point a {to) £ a, we say that po is parallel 
translated along a by means of this correspondence. 

Definition 22 A horizontal lift of a is a curve a : M. ^ I ^ P ( described by 
the parallel transport of p). 

It is intuitive that such a transport takes place in P along directions specified 

by vectors in TpP, which do not lie within the vertical space VpP. Since the 
tangent vectors to the paths of the basic manifold passing through a given 
X & M span the entire tangent space T^M, the corresponding vectors Yp G 
TpP (in whose direction parallel transport can generally take place in P) span 
a four-dimensional linear subspace of TpP called the horizontal space of TpP 
and denoted by HpP. Now, the mathematical concept of a connection can be 
presented. This is done through three equivalent definitions given below which 
encode rigorously the intuitive discussion given above. We have, 

Definition 23 A connection on a PFB (P, M, tt, G) is an assignment to each 
p €: P of a subspace HpP C TpP, called the horizontal subspace for that connec- 
tion, such that HpP depends smoothly on p and the following conditions hold: 

(i) TT* : HpP — > T^M, X = 7r(p), is an isomorphism. 

(ii) HpP depends smoothly on p. 

(iii) {Rg),HpP = HpgPyg eG,ype P. 

Here we denote by tt* the differential of the mapping tt and by {Rg)» the 
differential of the mapping Rg : P ^ P (the right action) defined by Rg{p) = pg. 

Since x = Tr(a{t)) for any curve in P such that a{t) S 7r~^(x) and (t(0) = po, 
we conclude that tt* maps all vertical vectors in the zero vector in TxM, i.e., 

^®Here we may be tempted to realize that as it is possible to construct the vertical space 
for all p G P then we can define a horizontal space as the complement of this space in respect 
to TpP. Unfortunately this is not so, because we need a smoothly association of a horizontal 
space in every point. This is possible only by means of a connection. 
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T^*{VpP) = and we have^°, 

TpP = HpP e VpP. (174) 
Then every Yp €TpP can be written as 

y = y;' + y;;, Y^eHpP, y;gVpR (175) 

Therefore, given a vector field Y over M it is possible to lift it to a horizontal 
vector field over P, i.e., Tr^{Yp) = 7r*(Fp) = Y^ e T^M for aU p e P with 
7r(p) = X. In this case, we call Y^ horizontal lift of Y^. We say moreover that 
y is a horizontal vector field over P if Y^ =Y. 



Definition 24 A connection on a PFB (P, M, tt, G) is a mapping Tp : T^M — > 
TpP, such that & P and x = Tr{p) the following conditions hold: 

(i) Tp is linear. 

(ii) TT* o Tp = Idr^M- 

(iii) the mapping p i-^ Fp is differentiable. 

(iv) Tr^p = iRg)*Tp, for all g € G. 

We need also the concept of parallel transport. It is given by 

Definition 25 Let a : 3 I ^ M, t (j(t) with xq = (7(0) G M, be a curve in 
M and let po € P such that 7r(po) = xq. The parallel transport of po along a is 
given by the curve a : 3 I ^ P,t i-^ a{t) defined by 

|.(t) = rp(|.(0), (176) 

with Po = (t(0) and a{t) = pyj, 7r(pp) = x. 



In order to present yet a third definition of a connection we need to know 
more about the nature of the vertical space VpP. For this, let Ye. T^G = (S be 
an element of the Lie algebra (S of G. The vector Y is the tangent to the curve 
produced by the exponential map 



|(exp(iY)) 



(177) 



Then, for every p G P we can attach to each Yg T^G = © a unique element 
Yl e VpP as follows: let / : (-£, e) ^ P be a curve in P and : P ^ M a 
smooth function and consider the function 'S°f{t) = S'(pexpty). Then we have 



20We also write TP = HP® VP. 



(178) 

t=0 
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By this construction wc attach to each Y£ T^G = (S a unique vector field 
over P, called the fundamental field corresponding to this element. We then 
have the canonical isomorphism 

< — . Y, Y^ e VpP, Y eTeG=(8 (179) 

from which we get 

VpP ~ (S. (180) 

Definition 26 A connection on a PFB [P, M, tt, G) is a 1-form field ui on P 
with values in the Lie algebra (S = Tf,G such that Vp G P we have, 

(i) Wp(yp =Y and < — >Y, where Yl e VpP and T^G = ©. 

(ii) (jjp depends smoothly on p. 

(iii) ijjp[{Rg)^Yp] = (Adg-iWp)(Fp), where Adg-iWp = g'^uJpQ. 

It follows that if {Qa} is a basis of and {9^} is a basis for T*P then 

u;p=a;^®ea=wr(p)^;®aa, (181) 

where are 1-forms on P. 

Then the horizontal spaces can be defined by 

ffpP = ker(u;p), (182) 
which shows the equivalence between the definitions. 

B.l The Connection on the Base Manifold 

Definition 27 Let U C M and 

s : J7^7r-^(C/) C P, -Kos = Idu, (183) 
be a local section of the PFB (P, M, tt, G). 

Definition 28 Let u) he a connection on P. The 1-form s*ui (the pullback of 
u} under s) by 

{s*u:)^{Y^)=u:si^){s,Y,), Y^gT^M, s.Y^GTpP, p = s{x), (184) 

is called the local gauge potential. 

It is quite clear that s*u> € secT*U (g) ©. This object differs from the gauge 
field used by physicists by numerical constants (with units). Conversely we have 
the following 

Proposition 29 Givenw G secT*?7(8>(5 and a differentiable section ofTT~^{U) C 
P, U C M, there exists one and only one connection w on 'k~^{U) such that 

S*ljJ = U). 
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Consider now 

ujeT*U(»(8, iv = {^-'^{x,e))*LJ ^ s*uj, s{x) ^ <t>-^{x,e), 

(185) 

w'er*J7'®0, u' ^ {^'~^x,e))*u} ^ s'*uj, s'{x) ^ ^'-^{x,e). 

Then we can write, for each p ^ P (tt{p) = x), parameterized by the local 
trivializations <i> and $' respectively as {x,g) and {x,g') with x E U H U' , that 

ujp = g^^dg + g^^ujxg = g'^^dg' + g'^^uj'^g'. (186) 

Now, if 

g' = hg, (187) 
we immediately get from Ea. (|186|l that 

uj'^ = hdh^^ + huo^h-^, (188) 

which can be called the transformation law for the gauge fields. 



C Exterior Covariant Derivatives. 

k k 

Let /\(P, 6) = f\{T*P) «) 0, < fc < n, be the set of all /c-form fields over 

P with values in the Lie algebra 25 of the gauge group G (and, of course, the 
1 

connection ui e sec ^{P, ©)). 

k 

Definition 30 For each (p e sec^{P,&) we define the so called horizontal 

k 

form (fi'^ E sec/y(P, ©) by 

c^;;(Xi,X2,...,Xfc)=v(Xj,X^,...,X^), (189) 

where Xj E TpP. i = 1, 2, .., k. 

Notice that (^p(Xi, X2, X^) = if one (or more) of the X^ E TpP are 
vertical. 

k 

Definition 31 if E sec /\{T*P) ® V (wh ere V is a vector space) is said to be 
horizontal i/ ¥'p(Xi, X2, X^) = 0, if at least one (say) X^ E TpP is vertical. 

k 

Definition 32 ip E sec f\(T*P) (g) V is said to be of type (p, V) if Vg G G we 
have 

r;v> = Pig-')v>- (190) 
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k 

Definition 33 Let ip G sec f\{T*P) ®Y he horizontal. Then, if is said to be 
tensorial of type (p,V). 

k 

Definition 34 The exterior covariant derivative oftp G sec ^{P, ©) in relation 
to the connection uj is 

k+l 

D'^if = {dip)'' G sec /\ (P, (5), (191) 
where ^^-^'^(Xi, X2, X^, Xfe+j) - dVp(Xj ,X^\ ...,X[!,X^+,). Notice that 

k 

dtp = dtp"- ® Qa where v'" G sec ^{P), a = 1,2, ...,n. 

i j 
Definition 35 The commutator of (p ^ sec ^{P, (5) and tp G sec/\(P, ©), 

i+j 

< i,i < n by [^,1^] G sec ^{P,&) such that i/Xi, ...,Xi-|_j G secTP, then 

[ip, V](Xi, X,+,) = E , X,(,)), tA(X,(,+i) , X,(,+,))], 

(192) 

where 5„ is i/ie permutation group of n elements and (—1)'^ = ±1 is the sign 
of the permutation. The brackets [ , ] in the second member of Eq. 1^19'/^) are the 
Lie brackets in (S. 

By writing 

'P = V''®Qa. -ip^V^Qa. ip" e sec /\\t*P), -0" Gsec/\'(T*P), 

(193) 

we can write 

194) 

= /,^,(<p'^AtA'')®ec 

where /^j, are the structure constants of the Lie algebra . 

With Ea. p94|l we can prove easily the following important properties in- 
volving commutators: 

[ip,,p] = i-y+^nrP,ip], (195) 
{-ly'iiip, rP],T] + T],<p] + (-1)^^- [[t, <p],xP] = 0, (196) 

d[ip,tP] = [dip,iP] + {-iy[ip,d^P]. (197) 

i j k 

for ip G sec f\{P,e), ip G sec f\{P,(S), r G sec/\(P, 0). 
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We shall also need the following identity 

[a;,u;](Xi,X2) =2[u;(Xi), a;(X2)]. (198) 

The proof of Ea. H198|l is given as follows: 

(i) Recall that 

[uj,u:] = {lj'' Au:')(g,[ga,gb]- (199) 

(ii) Let Xi,X2 G sec TP (i.e., Xi and X2 are vector fields on P). Then, 

[<^,<^](Xi,X2) = (u;-(Xi)u;''(X2)-a;'^(X2)u;''(Xi))[aa,eb] 
= 2[a;(Xi),u;(X2)]. 

1 

Definition 36 The curvature form of the connection u> G sec ^{P, ©) is Jl'^ g 
2 

sec /\{P, ©) defined by 

= D'^uj. (201) 

Definition 37 The connection u) is said to be flat if Vt'^ = 0. 

Proposition 38 

I?'^u;(Xi,X2) = da;(X,,X2) + [u;(Xi), a;(X2)]. (202) 

Ea. H2U2|l can be written using Ea. H2UU|l (and recalling that a;(X) = tj"(X)t/a)- 
Thus we have 

= D'^LJ = duj + ^[uj,uj]. (203) 

Proposition 39 (Bianchi identity): 

Dfl'^ = 0. (204) 
Proof, (i) Let us calculate dfl^. We have, 

dCl'^ = d (^duj + ^[uj,uj]^ . (205) 

We now take into account that d^u) = and that from the properties of the 
commutators given by Eas. H195|l . (|205|l and (|197|l above, we have 

(i[ci;,a;] = [do;, a;] — [a;, da;], 
[(ia;,a;] = — [w, duj], 
[[w,a;],u;]= 0. (206) 

Using Ea. (pnS|) in Ea. lP75|l gives 

dfl'^ = [du},u}]. (207) 
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(ii) In Eq. H2U7I) use Eq. H2U3|I and the last equation in Eq. 12U6|I to obtain 

dn'^ = (208) 

(iii) Use now the definition of the exterior covariant derivative [Ea. H192|) ] 
together with the fact that a;(X'^) = 0, for aU X G TpP to obtain 

D'^n'^ = 0. 

We can then write the very important formula (known as the Bianchi identity) , 
D'^fi" = dn"^ + [w, rj'^] = 0. (209) 

■ 

C.l Local curvature in the Base Manifold M 

Let {U, $) be a local trivialization of Tr^^{U) and s the associated cross section as 
defined above. Then, s*r2" :— il'^ (the puUback of $7") is a well defined 2-form 
field on U which takes values in the Lie algebra 0. Let w = s*a; (see eg . (118511 1. 
If we recall that the differential operator d commutes with the puUback, we 
immediately get 

rj" = s*D'^LO = duj + ^ [uj,uj] . (210) 
It is convenient to define the symbols 

Dcj:=s*D"u;, (211) 
Dr2" := s*L>'^rj" (212) 



and to write 

Dr2" = 0, 

Dr2" = dn^^ + [oj,n'^] = o. 

Ea. H213|l is also known as Bianchi identity. 



(213) 



Remark 40 In gauge theories (Yang-Mills theories) fi" is (except for numer- 
ical factors with physical units) called a field strength in the gauge 

Remark 41 When G is a matrix group, as is the case in the presentation of 

i+j 

gauge theories by physicists, Definition \35\ of the commutator [ip^ £ sec /\{Pi ®) 

i i 
(if e sec /\(P, 0), i/j e sec /\(P, 6) ) gives 

[ip,^]^ ip - {-ly^tjj hip, (214) 

where ip and ip are considered as matrices of forms with values in © and Lp hip 
stands for the usual matrix multiplication. Then, when G is a matrix group, we 
can write Eas. i2U^ and as 

n'^ = D'^uj = duj + uj Au, (215) 

n'^ Buj = dw+ujAuj. (216) 
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C.2 Transformation of the Field Strengths Under a Change 
of Gauge 

Consider two local trivializations {U, $) and ([/', $') of P such that p £ tt~^{U fl 
U') has {x, g) and (x, g') as images in {UC\U') x G, where x G UnU' . Let s, s' be 
the associated cross sections to $ and $' respectively. By writing s'*n^ — fl'^' , 
we have the following relation for the local curvature in the two different gauges 
such that g' — hg : 

Vt" = hVfh-^, VxeUnU'. (217) 



We now give the coordinate expressions for the potential and field strengths 
in the trivialization Let {x'^) be a local chart for U C M and let {9^ = af^} 
and {dx^^}, ^ = 0, 1, 2, 3, be (dual) bases of TU and T*U respectively. Then, 



LO UJ" ® Ga ^ Lo'^^dx'' Ga, (218) 
1 

_( 

2' 



= {Q'^)" ^Ga^ 7;^ludx^ A dx" (g) (219) 



where uj^, 0.^^ : Af D C/ ^ R (or C) and we get 

n%^d^u::-d,ujl + J^,ojlojl. (220) 

The following objects appear frequently in the presentation of gauge theories 
by physicists. 

{n^^Y = ^^ni^dx^" A dx" = duj" + ^/fc>'' A w^ (221) 

f^M- = ^luQa = - d^LO^ + [w^, c^,], (222) 
u^^LolGa. (223) 

We now give the local expression of Bianchi identity. Using Eas. (|213|) and 
H221|l we have 



T>n := -(Drj )pf,^dxP A dx^' A da;'' = 0. (224) 



By putting 
we have 
and 



(Df7 )p^, Dpf]^, (225) 

Dpf];, = 5pn;, + [c^p,i];,], (226) 



Dpl]^, + DpO-, + D.17^^ = 0. (227) 
Physicists call the operator 

T>p:=dp + [u:p,]. (228) 

the covariant derivative. The reason for this name will be given below. 
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C.3 Induced Connections 



Let (Pi, Ml, TTi, Gi) and {P2, M2,tt2,G2) be two principal bundles and let T : 
Pi — *■ P2 be a bundle homomorphism, i.e., / is fiber preserving, induces a 
diffeomorphism / : Mi — > M2 and there exists a homomorphism A : Gi — > G2 
such that for gi £ d, pi G Pi we have 

Hpigi) = Rxig,)HPi) (229) 

Proposition 42 Let T : P\ ^ P2 he a bundle homomorphism. Then a connec- 
tion oji on Pi determines a unique connection on P2. 

Remark 43 Let {P, M,tt' ,0{p,q)) = Po(n)(M) be the orthonormal frame bun- 
dle, which is as explained above a reduction of the frame bundle F{M). Then, 
a connection on Po(„)(M) determines a unique connection on F{M). This is 
a very important result that is usually used implicitly. 

Proposition 44 Let F[M) be the frame bundle of a paracompact manifold M. 

Then, F(M) can be reduced to a principal bundle with structure group 0{n), 
and to each reduction there corresponds a Riemann metric field on M. 

Remark 45 If M has dimension 4, and we substitute 0(n) i— > SOi 3 then to 
each reduction of F{M) there corresponds a Lorentzian metric field on M. 

C.4 Linecir Connections on a Manifold M 

Definition 46 A linear connection on a smooth manifold M is a connection 

U3 e sccT*F{M) gl{n,R). 

Remark 47 Given a Riemannian (Lorentzian) manifold (M, g) a connection 
on F{M) which is determined by a connection on the orthonormal frame bundle 
Po(n){M) {PsOl ^i.^)) is called a metric connection. After introducing the con- 
cept of covariant derivatives on vector bundles, we can show that the covariant 
derivative of the metric tensor with respect to a metric connection is null. 

Consider the mapping fl^ : T^M — > R" (with p = {x,Yix) in a given triv- 
ialization) which sends v € Ta,M into its components relative to the frame 
= {ei|^ , e„|^}. Let {^•^ l^,} be the dual basis of {ej|^}. Then, 

/lp(v) = (^1jv)) (230) 

Definition 48 The canonical soldering form ofM is the 1-form 6 S secT*P(M)(g) 
R" such that for any v e sec TpP(M) such that v =it*v we have 

ie{v)y. = e\iv)E^ 

= ^"L(v)E„, (231) 
where is the canonical basis o/R" and {6"'} is a basis of T*F{M), with 



45 



Definition 49 The torsion form of a linear connection uj G sccT* F{M) (Si 
gl(n,S.) is the 2-form 

De = &e sccf\T*F{M)(g>M". 

As it is easy to verify, tlie soldering form 6 and the torsion 2-form are 
tensorial of type (p, M"), where p{g) = g, g £ Gl{n,R). 

We can show, using the same techniques used in the calculation of _D'^u;(Xi, X2) 
(Eq.l2ni) that 

& = de + [u},e], (232) 

where [ , ] is the commutator product in the Lie algebra of the affine group 
A{n,M.) = Gl{n,R)MU." , where Kl means the semi-direct product. Suppose that 
(E^, Ec) is the canonical basis of a(n,R), the Lie algebra of A{n,M.). Recalling 
that 

u:{v) = ujUv)K, (233) 
eiv) = e^v)-Ea, (234) 

we can show without difficulties that 

D'^e = [n,e] (235) 

C.5 Torsion and Curvature on M 

Let {x^} be the coordinate functions associated to a local chart {U,(p) of the 
maximal atlas of M. Let E G sec F{U) with a ^ Ff ^ and 9 = 0"Ea. Take 
TTifV = V. Then 

iOp{v)) = /|p(v) = f\^{dx^{v)d^) ^ f\^{dx^{v)(F^')-'ek) 

= {{F^y^dx^TT^v)). (236) 

With this result it is quite obvious that given any w G M", 6 determines a 
horizontal field Ww G secTF{M) by 

0(ww(p))=w. (237) 

With these preliminaries we have the 

Proposition 50 There is a bijective correspondence between sections ofT*M(Si 
TgM and sections of T*F{M) ® M"', the space of tensorial forms of the type 
(p, R"') in F{M), with p and q being determined by T^M . 

Using the above proposition and recalling that the soldering form is tensorial 
of type (/9(g), M"), p{g) = g, we see that it determines on M a vector valued 
differential 1-form 6 = Ca <E> dx"- <E secTM /\^{T*M). Also, the torsion © is 
tensorial of type (p(.g),R"), p{g) = g and thus define a vector valued 2-form on 
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M, e = ea(8)e° G secTM ® /\^{T*M). We can show from Ea. iP^ that given 
u,w e TpF{M), 

e°(7r*u,7r*w) = dr(7r*u,7r,w) +cj^(7r,M)6'^(7r,u;) - cj^(7r,u;)6'''(7r*u). (238) 

On the basis manifold this equation is often written: 

Q^m^Ca® (Dr ) 

= ea®{de'' +ujI he^), (239) 

where we recognize as the exterior covariant derivative of index forms^^. 

2 

Also, the curvature il'^ is tensorial of type (Ad,K" ). It then defines 17 = 
ea®9^ ®)ni & secTlM ® /\^{T*M) which is easily find to be 

n = Ca ® O'' (g, Q"^ 

^ea®e^® [dwl + A ojD , (240) 

where the fli S sec are the curvature 2- forms. 

ni::^dLol+uo''^Aujl (241) 

Note that sometimes the symbol Dw^ such that fi^ := DwJJ is introduced in 
some texts. Of course, the symbol D cannot be interpreted in this case as 
the exterior covariant derivative of index forms. This is expected since a; G 

sec/\ (T*P(M)) (g) gl{n,M.) is not tensorial. 

D Covariant Derivatives on Vector Bundles 

Consider a vector bundle (i?, M, tti, G, V) denoted E ^ P XpV associated to 

a PFB bundle {P,M,tt,G) by the linear representation p of G in the vector 
space V over the field F = R or C. Also, let dimp V = m. Consider again the 
trivializations of P and E given by Eas. (|159|) - (|161|l . Then, we have the 

Definition 51 The parallel transport of SI/o G E, 7ri('4'o) = xq, along the 
curve a -.M. 3 I ~+ M, t i— > a{t) from xq — a{0) ^ M to x = a{t) is the element 
'^\\t G E such that: 

(i) 7ri(*||t) = a;, 

(ii) X»(*||t) = p{^i{P\\t) o ^T^ipo))Xi{^o)- 

(iii) p\\t & P the parallel transport of po ^ P along a from xq to x as 
defined in Ea. (|176l) above. 

Rigorously speaking, if Eg. 12391 is to agree with Eg. 12381 we must have ui^ /\9^ = 
This is not the definition of the exterior product we used in Section 
2 because a factor 1/2 is missing. However, this causes no troubles in the calculations we did 
using the Clifford bundle formalism. 
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Definition 52 Let Y be a vector at xq tangent to the curve a (as defined 
above). The covariant derivative of CzsecE in the direction of Y is denoted 
{D§'^)^„esecE and 

1 

where is the "vector" i&t = \I'((7(t)) of a section VJf GsecE parallel trans- 
ported along a from a{t) to Xq, the only requirement on a being 

d 



{D§^){xo) ^ *).o = lim -(*^, - *o), (242) 



= Y. (243) 

t=o 

In the local trivialization {Ui,Ei) of E (see Eas. (ll59|) - (ll61|l ') if is the 
element in V representing we have 

Xii^l) = pigogr')x^ait){^t). (244) 
By choosing pq such that go = e we can compute Eq.(| 



iD§^h„ ^ -pig-\t)^,) 



dt 
dt 



t=o 



P'(e) 



dg{t) 



dt 



t=o 



(*c 



(245) 



This formula is trivially generalized for the covariant derivative in the direc- 
tion of an arbitrary vector field Y G sec TM. 

With the aid of Ea. H245|l we can calculate, e.g., the covariant derivative of 
^ e sec-E in the direction of the vector field Y = = d^. This covariant 
derivative is denoted D^'^. 



We need now to calculate ^^4^ 

at 



In order to do that, recall that if ^ is a 

' at 



tangent to the curve a in Af , then s* (^) is a tangent to a the horizontal lift of 
(T, i.e., s* (^) e HP C TP. As defined before s = $^^(x, e) is the cross section 
associated to the trivialization <I>i of P (see Ea. (|158|l ). Then, as 5 is a mapping 
U ^ G we can write 

(5)-4(.9°^)- (246) 



,d_^ 
'dt' 



dt 



To simplify the notation, introduce local coordinates {x^, g) in tt ^{U) and write 
a{t) = (x^(0) and a{t) = (x^(i), .g(i))- Then, 



9 



d 



17 =i''WT— +ff(i)^, 



(247) 



in the local coordinate basis of T{-k~^{U)). An expression like the second mem- 
ber of Eg. 1)2471) defines in general a vector tangent to P but, according to its 
definition, s, (^) is in fact horizontal. We must then impose that 



x^{t) 



d 
dxt^ 



m 



d_ 
d'g 



(— 

\^x^' 



^"nGa9 



d_ 

dg 



(248) 
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for some a^. 

We used the fact that + u)'^Qag-§^ is a basis for HP, as can easily be 
verified from the condition that usiY^) = 0, for all HP. We immediately 
get that 



and 



dg{t) 



dt 



dg[t) 



dt 



With this result we can rewrite Ea. H245|l as 

-p'(eV(r)(vI/o), 



Y= — 
dt 



(249) 

(250) 
(251) 

(252) 



t=o 



which generalizes trivially for the covariant derivative along a vector field Y G 
sec TM. 



Remark 53 Many texts introduce the covariant derivative operator Dy acting 
on sections of the vector bundle E as follows: 

Definition 54 A connection on M is a mapping 

: sec TM x sec S ^ sec E, 
(X,*)^!)^*. (253) 

such that Dy '■ sec E sec E satisfies the following properties: 

(z) i?|(a*)=a(Df*), 
{ii) D§{^ + ^) = D§^+D^^, 

(m) D^if^)=X{f) + fD^^, (254) 

{v) Df^* = fD§^. 

W X,Y G secTM, GsecE, Va e F = M or C (the field of scalars entering 

the definition of the vector space V of E)\/f e C^{M), where C^{M) is the 
set of smooth functions with values in ¥. 

Of course, all properties in Ea. H254() follows directly from Ea. H252|l . However, 
the point of view encoded in Definition 1541 mav be appealing to physicists. To 
see, first recall that E ~ P x pY . Recall that g stands for the representation of 
G in the vector space V. 

Definition 55 The dual bundle of E is the bundle is the bundle E* = PXp-Y* , 
where V* is the dual space of V and g* is the representation of G in the vector 
space V* . 
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Example 56 As examples, recall that the tangent bundle is TM — F(M) Xp 
ffi." where p : Gl{n^'S^) — i-GZ(n,K) denotes the standard representation. Then, 
T*M = F(M)Xp.(R")* andthe dual representation p* satisfies p* (g) — p{g~^Y . 
Also, the tensor bundle of tensors of type {r,s), the bundle of homogenous k- 
vectors and the bundle of homogeneous k-forms are: 

TIM = <S>[tM = F{M) x^r ((g)^R"), 

/\\tm)^f{m)x^./\'w\ 

/\\t*M) = FiM) x/^.^ /\' R", (255) 

where {^^, Ap '^'^'^ Ap* '^''^ induced tensor product and exterior powers 
representations. 

Definition 57 The bundle E (2) E* is called the bundle of endomorphisms of E 
and will be denoted by End(i?). 

Definition 58 A connection acting on E* is defined by 

{Dfr*){'^) = X (T*(*)) - r*{D^^), (256) 
VT* £ secE*, V* e sec£; and VX e secTM. 

Definition 59 A connection D^®^ acting on sections of E (E) E* is defined 
VT* e sec£;*, V* e secE' and G sec TM by 

Df^^'r* (g)^ ^Dfr* (E)"^ + r* (g> D§^. (257) 

We shall abbreviate D^®-^* by ZjEnds^ Ea. lf257|) may be generalized in an 
obvious way in order to define a connection on arbitrary tensor products of 
bundles E E) E' (S) ... E) E' - '. Finally, we recall for completeness that given two 
bundles, say E and E' and given connections and there is an obvious 
connection D^®^ defined in the Whitney bundle E (B E' (recall definition II 9|l 
It is given by 

i:>f®^'(*©*') = ^f*®^f'*'> (258) 
V* e seci;, V*' e sec£;' and \/X e secTM. 

D.l Connections on E over a Lorentzian Manifold 

In what follows we suppose that (Af, g) is a Lorentzian manifold. We recall 
that the manifold M in a Lorentzian structure is supposed paracompact. Then, 
according to Proposition ^1 the bundles E,E*, T^M and Endi? admit global 
cross sections. 

We then write for the covariant derivative of * e sec E and X G sec TM, 

L»f * =i:)^^*+>V(X)*, (259) 
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where W € secEndi? ®T*M will be called connection 1-form (or potential) for 
-D^ and -D^ is a well-defined connection on E, that we are going to determine. 

Consider then a open set f c M and a trivialization of E in U. Such a 
trivialization is said to be a choice of a gauge. 

Let {Ej} be the canonical basis of V. Let G sec E\^ = ■k~^{U). 

Consider the trivialization S : 7r~^(?7) —>■ U xY, = (7r(*),x(*)) = 

(a;,x(*)). In this trivialization we write 

*|^:=(a;,*(a;)), (260) 

vE'(x) e V, Va; € [/, with 5* : J7 ^ V a smooth function. Let {si} G sec Sj = 
X~^(Ei), i = 1,2, m be a basis of sections of E\jj and {e^} G scc_F(J7), /i = 
0,1,2,3 a basis for TU. Let also {e''}, e'^ G aecT*U, be the dual basis of {e^} 
and {s*'} G sec E*\jj, be a basis of sections of E*\^ dual to the basis {sj}. 
We define the connection coefficients in the chosen gauge by 

K'^ = KiSr (261) 
Then, if * = ^'sj and X = X^'e^ 

= X''[e^(*^)+>V^,.*^>i. (262) 

Now, let us concentrate on the term X'^W'^j^^ Si. It is, of course a new 
section F := {x,X^'Wij^hi) of E\^ and X'^W^^^^Si is linear in both X and 
^. 

This observation shows that G sec(End E\jj) ® T*U, such that in the 
trivialization introduced above is given by 

= Wi^Sj (g) s*' (8> e'' (263) 

is the representative of W in the chosen gauge. 

Note that if X e secTU and * := {x,^{x)) € sec E\^ we have 

uj'^{^)=X'^Wlj^'sj. (264) 

We can then write 

* = X(*) +tj^(*), (265) 

thereby identifying Djf'i! = X{'^). In this case is called the standard flat 
connection. 

Now, wc can state a very important result which has been used in Chapter 
2 to write the different decompositions of Riemann-Cartan connections. 

Proposition 60 Let D'^^ and be arbitrary connections on E. Then there 
exists VV G sec Endi; ® T*M such that for any * G sec and X G sec TM, 

Df * = D^f *+VV(X)*. (266) 
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D.2 Gauge Covariant Connections 

Definition 61 A connection on E is said to he a G-connection if for any 
g E G and any ^ € sec E there exists a connection D'^ on E such that for any 
X G sec TM 

D'J^{p{g)iSf) = p{g)D§^. (dll) 

Proposition 62 If =D^^*+yV(X)* for * GsecE' and X G sec TM, 

then Df * ^Df^+W{X)<i! with 

W{X) =gW{X)g-^ + gdg-\ (267) 

Suppose that the vector bundle E has the same structural group as the 
orthonormal frame bundle Psof 3(-^); which as we know is a reduction of the 
frame bundle F{M). In this case we give the 

Definition 63 A connection D^ on E is said to he a generalized G-connection 
if for any g E G and any ^ G sec E there exists a connection D'^ on E such 
that for any X G sec TM, TM =Psoi.^iM) XpXM R"* 

D'i, = p(<?)i?f *, (268) 

where X' ^ p^^^X G sec TM. 



D.3 Curvature Again 

Definition 64 Let he a G-connection on E. The curvature operator R^G sec /\^ T* M® 
EndE' of is the mapping 

Bj^:secTM ®TM ®E ^ E, (269) 
R^(X, y)* = Df T)f * - D^D^^ - Dfx^Y]^ 



IX.Y] 



(dl4) 



for any * G sec and X,Y e sec TM. 



If X = df^,Y = d,y E sec TU are coordinate basis vectors associated to the 
coordinate functions {x^} we have 



(270) 



In a local basis {si ® s*^ } of Endi? we have under the local trivialization 
used above 



*6 



Ea. H271|l can also be written 



(271) 
(272) 
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D.4 Exterior Covciriant Derivative Again 

Definition 65 Consider ^-(8)^^ G sec E igi /\'' T* M and e /\^T*M . We 
define {^^A^) 'E>a by 

= ^®{A^ A B^) (273) 

Definition 66 Let^®Ar G sec ^ T*M andU^Bs G sec^ndE^^^ T*M. 

We define {li®Bs) ®/\ (*®Ar) by 

(nOBs) (g)A {^®Ar) = n(*)(g)(B^ A Ar) (274) 

Definition 67 Given a connection acting on E, the exterior covariant 
derivative dP acting on sections of E® l\^T*M and the exterior covariant 
derivative dP sections of EndiJ ® /\* T*M (r, s = 0, 1, 2, 3, 4) are given by 
(i) if^G secE then for any X,Y € sec TM 

d^''*(X) =£)^*, (275) 
(a) For any 'J'®^ G sec E (g) f\'^ T*M 

d^" {^(»Ar) = d^^'^OAAr + ^mAr, (276) 
fm; For any U^B^ G secEndi; A'' 7"*-^" 

d^''°'"'(n(8>B,) = d^^'^^n^A^s + nodSs, (277) 

Proposition 68 Consider the bundle product € = (EndE (g) A"* T*M) (giA -B <8i 
/\'{T*M). Let n = 0(8)5^ G secEndi; A' T"**^ * = ^-^A G sec^;® 
/\^ T*M. Then the exterior covariant derivative d^ acting on sections of € 
satisfies 

d^^ (n ®A *) = (d^^"'^n) ®A * + ( - i)'ng;Ad^^*. (278) 

Exercise 69 We can now show several interesting results, which make contact 
with results obtained earlier when we analyzed the connections and curvatures 
on principal bundles and which allowed us sometimes the use of sloppy notations 
in the main text: 

(i) Suppose that the bundle admits a flat connection D^^ . We put d^ = d. 
Then, if x G sec £ A"^ T*M we have 

nOE 

d^ X = dX+W0AX 

(ii) If X ^ sec E ® /\'' T*M we have 

(d^")2x = R^®AX. (279) 
(Hi) If X & sec E ® /\'' T* M we have 

(d^")3x = R^®Ad^"x (280) 
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(in) Suppose that the bundle admits a flat connection D^^. We put = 
d. Then, if 

(iv) IfHe secEndE^ O A* T*M 

jZjEndE jj^^Yl+[W,U] (281) 

d^"""R^ = (282) 

= dW + W0aW (283) 
Remark 70 Note that R^ ^ d^''"'"'w. 

We hope that the material presented in the Appendix be enough to permit 
our reader to follow the more difficult parts of the text and in particular to see 
the reason for or use of many eventual sloppy notations. 

Acknowledegement: R. da Rocha is grateful to CAPES for financial sup- 
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